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Abstract

Investigating how undergraduate students learn derivatives is crucial to supporting them in
successfully continuing their studies in integral calculus. This case study investigates students’
cognitive development as they learn basic differentiation rules using the Desmos Classroom (DC)
based on the Three Worlds of Mathematics (TWM). This research includes 25 students enrolled in
Calculus 1 at Sampoerna University during the fall semester of the 20222023 academic year. DC
is used as a generic organizer to facilitate an embodied operation on a function's graph. DC enables
students to drag the tangent line and tangency point along the graph of a function, and it allows
them to magnify the screen, which helps them make sense of the tangent line and derivative concepts.
Students prove the basic differentiation rules on the DC through graphical exploration, numerical
computations for practices, and symbolic manipulations. Based on the TWM, the DC can contribute
to the student's cognitive development by helping them learn the basic differentiation rules. All
students performed well in the axiomatic formal world by proving the derivative of a trigonometric
function. Most students (92%) also solved the tangent line problem, which required them to think in
the proceptual world. Many students (64%) also have no limitations on graphical representation.
According to this result, students' success in thinking in the axiomatic formal world does not imply
their success in the proceptual world. Similarly, success in thinking in the proceptual world does
not imply success in graphical representation.

1. Introduction

Several strategies, including the Three Worlds of Mathematics (TWM) framework [1], have been
proposed to facilitate students' learning of the derivatives. When students learn the derivative of a
function, the TWM framework outlines three distinct worlds. These worlds involve the simultaneous
development of conceptual embodiment, which involves the use of human perception and action;
proceptual symbolism, which involves the manipulation of symbols derived from operations; and
axiomatic formalism, which involves the construction of formal knowledge within an appropriate



fundamental framework deduced through mathematical proof [2]. Students should commence TWM-
based learning activities by experiencing the dynamic embodiment of change. Then, they should be
able to perform sufficient arithmetic to obtain numerical approximations and appropriate symbolic
expressions for the derivative of a function.

Tall [1] proposed using a generic organizer in calculus learning activities to actualize the TWM
framework. This computer-based "generic organizer" allows students to investigate calculus concepts
and generate dynamic function graphs. It enables focusing on function graphs so that every part of
the graph can be seen. Tall [3] argues that computer programs are indispensable for demonstrating
dynamic graphical visualization and providing precise numerical and symbolic calculations, which
facilitate learning calculus derivatives. Students can visualize mathematical concepts through various
graphical, numerical, and algebraic representations made possible by dynamic computer programs.
Students can generate tables of values, input equations, and plot diverse functions. The dynamic
nature of these mathematical objects enables students to visualize and comprehend mathematical
problems or procedures in ways that traditional paper-and-pencil methods cannot [4].

Desmos Classroom (DC) is a dynamic web-based application with many advantages over other
programs and applications. The program is free, user-friendly, intuitive, and extremely effective for
graphic design, and encourages student participation and engagement in mathematics learning [5].
As a generic organizer, DC provides robust graphical and computational capabilities that facilitate an
intuitive approach to assist students in acquiring the basic differentiation rules. Based on this
justification, the researcher intended to investigate students' cognitive development in learning the
basic differentiation rules using Desmos Classroom (DC) based on the TWM framework.
Consequently, this case study research aims to address the following research questions:

(1) How is the students' cognitive development process in learning basic differentiation rules
using DC based on the TWM framework?

(2) Can the learning activities using DC based on the TWM framework contribute to students'
cognitive development?

2. Students’ Cognitive Development According to the TWM Framework

Tall [6] developed the Three Worlds of Mathematics (TWM) framework that comprehensively
analyzes the students' cognitive development as they acquire mathematical concepts. These three
worlds operate and evolve differently, comprising distinct cognitive domains, as outlined below:

(1) Conceptual embodiment involves the student's perception and actions, the formation of mental
images expressed in increasingly sophisticated verbal forms, and the development of an
appropriate mental construct within the student's imagination.

(2) Proceptual symbolism evolves from physical actions to mathematical procedures symbolized
and conceptualized as both operations to be performed and symbols that can be manipulated
and calculated.

(3) Axiomatic formalism involves constructing formal knowledge within axiomatic systems
using a suitable foundational framework.

The embodied approach to derivatives prioritizes forming derivative concepts through physical
interactions with the function graph. It enables students to experience dynamic changes, arrive at



accurate symbolic representations of a function's derivative, and make numerical estimations.
According to Tall [7], the cognitive foundation of derivatives is local straightness. Local straightness
is a fundamental concept of a small portion of a graph that will appear straight. Using this cognitive
root, students can perceive the entire graph's slope. Figure 1 depicts how students can construct the
tangent line by dragging the graph as an object and witnessing the slope changes.
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Figure 1. An Embodied Approach to the Derivative of a Function [8].

It is essential to establish a connection between the embodied operation and the symbolic domain,
which includes numerical and algebraic computations. Proceptual symbolism is the symbolic
representation of functions and their derivatives [9]. According to Gray and Tall [2], a procept is a
mental object consisting of a to-be-executed process and the concept that results from that process.
In addition, proceptual thinking is defined as the capacity to manipulate symbols as both processes
and concepts and switch between various symbols for the same mathematical object [2]. Using the
same notation, the flexible and ambiguous use of symbolism to represent the dual nature of processes
to be executed and concepts to be comprehended significantly improves proceptual thinking. As
students advance, their internal depth, or "interiority,” of the number concept grows, resulting in
greater manipulation flexibility [11].
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Figure 2. The spectrum of students’ cognitive development developed by Tall et al. [12].

The spectrum of students' cognitive development outcomes at various levels of complexity are
depicted in Figure 2. There are four levels on the spectrum: pre-procedure, procedure, process, and
procept. This suggests that problems requiring only standard procedural responses will only serve to
differentiate between students who make the transition successfully and those who do not. Multiple
process paths provide alternative methods for identifying potential execution errors, including an



innate awareness that something is wrong when an error occurs [13]. The procept level involves
interpreting symbols as both processes to be carried out and concepts to ponder, facilitating the
execution of dual processes and concepts.

3. Research Methods

In this study, the researcher adopted the constructivist paradigm to investigate the students' cognitive
development when learning the basic differentiation rules using DC based on the TWM framework.
Based on Stake’s study [14], constructivism emphasizes the idea that knowledge is primarily
determined by social interpretation and not by objective reality. The constructivist epistemology was
used throughout the study since the researcher was able to closely interact with all research
participants. The students' responses to the DC-based learning activities supported this constructivist
viewpoint. This research involved 25 students enrolled in the Calculus 1 course at Sampoerna
University during the fall semester of the 2022—-2023 academic year.

The research design of this study was a case study, which was chosen for its suitability in answering
"how" questions [15], [16]. The Desmos Classroom (DC) has been validated by experts in
mathematics, mathematics education, and technology in education, and became the main research
instrument. DC was used as a generic organizer based on the TWM framework to assist students in
making sense of the derivative concept and applying the basic differentiation rules to solve related
problems. Students' responses in the DC were analyzed to investigate their cognitive development
while learning the basic differentiation rules (see Figure 2).

In this investigation, additional research instruments are utilized. Included here are the observation
guidelines, and test questions. The following observation guidelines also developed by referring to
the Three Worlds of Mathematics framework:

Table 1: Observation Guidelines

Three Worlds of

Mathematics Sample of activity

The conceptual- Students move the two points crossed by the secant line so that the two
embodied world points are very close to each other and then students see the
visualization of the tangent line.

Students zoom in on a graph near a particular point to see it looks like
a straight line.

The proceptual- Determine the derivative of a function using the basic differentiation
symbolic world rules.

Find the slope of a tangent line.

Determine the equation of a tangent line.




Axiomatic Formal Prove the basic differentiation rules.

In terms of analysis, an interpretive theoretical approach was used to provide a framework for
comprehending students' responses when learning the basic differentiation rules using DC based on
the TWM framework. The methodology was inductive, and the results were predominantly
descriptive [17]. Data analysis began with a comprehensive examination of the students' responses
collected from DC. Each item's responses were thoroughly examined to identify emerging trends or
themes. The classification of these themes according to the included descriptions allowed for a
systematic organization and interpretation of the data [18].

To ascertain the outcomes of students' cognitive development, their responses to the DC activities
and test-problem solutions were evaluated. Students’ responses in DC revealed students' cognitive
development when learning the basic differentiation rules. The purpose of the test questions (see
Table 2) was to evaluate the students' cognitive development after learning the basic differentiation
rules which refer to the spectrum of students’ cognitive development presented in Figure 2.

Table 2. The Test Questions

Expected
Problem Cognitive Remarks
Outcome
Problem 1: Axiomatic Students were expected to think in
Prove that - [cosx | = —sinx Formal the axiomatic formal world by using
dx formal definition of derivative to
prove the derivative of cosine
function.
Problem 2: Procept Students were expected to think in
Find an equation of the parabola the proceptual world by performing
y = ax? + bx + c that passes through the duality of mathematics-related
(0,1) and is tangent to the liney = x — processes and  concepts  to
1 at (1,0). successfully solve the problem.
Create the graphical representation of Graphical Students are expected to create a
the tangent line problem. Representation  graphical representation of the

tangent line problem.

The data are analyzed using the spectrum of students’ cognitive development outcomes devised by
Tall et al. [12]. The validity of this case study research is achieved by integrating data sources that
provide a comprehensive picture of the examined issue [19]. Triangulation involves the use of
different methods to investigate the research questions and provides a means of checking validity
[19]. Students' cognitive development while learning the basic differentiation rules was analyzed
based on their responses or answers inputted in the Desmos Classroom. Students' verbal responses to
the lecturer's instructions during the class sessions were also recorded and written on the observation
sheet. To answer the second research question, the researcher also evaluated the students' solutions
to two problems, requiring them to think in the axiomatic formal and proceptual worlds and produce
graphical representations of the problems.



4. Results and Discussion

How is the students’ cognitive development process in learning basic differentiation rules using
DC based on the TWM framework?

In the previous meeting, students have experienced learning through embodied approach by exploring
the graph of f(x) = x? and moving its tangent lines at several points. They plotted the slope values
of the tangent line obtained from each value of x (see Figures 3 and 4). The resulting plotting image
is the graph of y = 2x, so they concluded that the derivative of f(x) =x? is f'(x) = 2x

(symbolizing embodiment). In addition, they have proven that;l—xx2 = 2x by applying the formal

definition of the derivative (f'(x) = Alimo%;_ﬂx) and provided the limit exists (see Figure 5).
X—
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Figure 5. Student B’s response (applying
the formal definition of derivatives to
prove the derivative of f(x) = x?)

Since the beginning of learning activities, students were facilitated to see the visualization of the
constant function and its derivative to identify that f'(x) = 0 (symbolizing embodiment). Next,
students were thinking in the axiomatic formal world by proving that the derivative of a constant
function f(x) = c thatis f'(x) = 0 (see Figure 6).



Can you guess what g(x) might be?
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Figure 6. Student O’s response

Similarly, students identify the derivative of the polynomial function f(x) = x3 by visualizing the
graph of f'(x) (symbolizing embodiment). Next, they were rethinking in the axiomatic formal world
by proving the derivative of f(x) = x3, that is f (x) = 3x2 (see Figure 7). Students also prove the
derivatives of polynomial functions: f(x) = x, f(x) = x?, f(x) = x3, f(x) = Vx, and f(x) = %
Students see graphical representations of the five polynomial functions and their derivatives

(embodying symbolism). Then, they determine the derivative of the function f(x) = x* based on the
pattern that emerges from the derivatives of the five polynomial functions (see Figure 8). Some

students were able to generalize that the derivative of f(x) = x™ is f (x) = nx™"! (see Figure 9).
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Figure 7. Student BA'’s
response

Figure 8. Student A’s
response

Figure 9. Student O’s
conclusion

Students were rethinking in the proceptual world by determining the binomial expansion

(x + Ax)3and they used the binomial expansion to the power of n , to verify the binomial expansion
for n = 2, 3, and 4. Furthermore, students were rethinking in the axiomatic formal world by proving

that the derivative of the function f(x) = x™ is f'(x) = nx™"! (the power rule). Then, they apply



the formal definition of the derivative of a function and the binomial to the power of n (see Figure
10).

Figure 10. Student N'’s response

Students learn through the embodied approach by enlarging the graph of f(x) = —5x2, moving the
tangent line so that it touches f(x) at x = —0.5. Students think in the proceptual world by obtaining

f (x) = —10x. Then they determine the tangent line's slope and eventually determine the equation
of the tangent line (see Figure 11). Students also think in the axiomatic formal world by proving the

sum rule, drtal _ f'(x) + g'(x) (see Figure 12).
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Figure 12. Student BA’s responses

Students learned through an embodied approach by moving the tangent line along the graph of the

(3x7—5\/§+1)
X

function f(x) = , enlarging the visualization of f(x) and its tangent line, and positioning



the tangent line so that it touches the function at x = 0.5 (see Figure 13). Students were thinking in
-3

the proceptual world by using the power rule to obtain f (x) = 18x° +§x2 — x~%. Students

calculate the slope of the tangent line m = f'(O.S) = 3.6335678, and finally, they got the equation

of the tangent line, which is y = 3.6335678x — 6.8407839.
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Figure 13. Student BA’s graphical exploration

Students were facilitated to identify the derivatives of the sine and cosine functions by seeing the
graphical visualization of each function and its derivative (symbolizing embodiment). Students were

rethinking in the axiomatic formal world by proving that ;—x[sin x] = cosx . The proof uses the

fOAAI-TC) the trigonometric

formal definition of the derivative of the function f'(x) = lim Ax

Ax—0
1-cosx _

identity sin(4 + B) = sin A cos B + cos A sin B, and special limits, lims’i%x =1 and lim =0
x—0 x—0

(see Figure 14). Furthermore, students were rethinking in the proceptual world by applying the
derivative rules of sine, cosine, and polynomial functions with degree n to solve related problems.
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Figure 14. Student N’s responses

Students were learning through an embodied approach by moving the tangent line to the function

f(x) = asinx to exactly touch the function at the point (0,0) and enlarging the display of the function
and the tangent line (see Figure 15). Based on this activity, students concluded that the slope of the

tangent line to £ (x) = a sin x at (0,0) is equal to f'(0) (see Figure 16).



s 1T v 2 0 x It appears that the slope of the tangent/derivative of

T the equation at a certain point is the same.
f(x) §sinx f*(x) =0.5cosx ) o
) this proves the concept that the derivative is = to the

3 v : flx)=sinx  f(x) =cosa slope of the tangent at that point.
f(x) = 3 sinx () = 3 cosa

(0) = 05(1) Figure 16. Student Vs Findings
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The learning process using DC based on the TWM framework focuses on developing students'
perceptions of the basic differentiation rules and the derivatives as the slope of the tangent line. DC
provides a graphical representation to assist students in identifying the function's derivative. After
that, students think in the axiomatic formal world by proving the basic differentiation rules. They
were also thinking in the proceptual world by applying the basic differentiation rules to solve related
problems, facilitated through DC numerical and symbolic manipulation features. Additionally, the
embodied learning activities were reflected by moving the tangent line along the function's domain
until it was exactly tangent to the associated tangent point. At the same time, students also magnified
the function and the tangent line (embodying symbolism). It reveals that DC can visualize the tangent
line and compute its slope. These exploration activities assist students in finding the tangent point,
the slope of the tangent line, and the tangent line's equation. According to Tall [1], learning activities
that promote embodied calculus approaches, followed by numerical and symbolic manipulations, can
aid students in cognitive development processes. In this study, students engaged in a series of iterative
learning activities through DC that facilitated thinking in the embodied world through graphical
exploration, thinking in the proceptual world by applying basic differentiation rules to solve related
problems, and thinking in the axiomatic formal world by proving basic differentiation rules.

Can the learning activities using DC based on the TWM framework contribute to students'
cognitive development?

In the first problem, it was found that all students succeeded in proving that the derivative of f(x) =

cosx is f (x) = —sinx. Thus, students showed their success in thinking in the formal axiomatic
world. As can be seen from one of the following student solutions:
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Figure 17. Student Y’s solutions for problem 1

In the first step, Student Y used trigonometric identity to expand cos(x + Ax) into cos x cos Ax —
sin x sin Ax (see Figure 17). Next, she identified that there was a common factor, cos x which can be



used to simplify the numerator to become cos x (cos Ax — 1) — sin x sin Axcos. Then Student Y used

cos(x+Ax)—cosx

the limit operation property to obtained lim = |jm SSXCOSMTD gy snxstndx
Ax Ax
Ax—0 Ax—0 Ax—0
the end, she used two special limits lim C°SA§_1 =0and lim 22 =1, and she proved that
Ax—0 Ax—0

:—x[cosx] = —sinx.

In the second problem, students are expected to think in the proceptual world by obtaining the
equation of a parabola y = ax? + bx + ¢ which passes through the point (0,1) and tangent to the line

y = x — 1 at the point (1,0). It was found that 23 out of 25 students (92%) could think in the procept
spectrum when solving the tangent problem. As seen in Student J’s solution (see Figure 18), he

obtained the slope of the tangent line y = x — 1, which is m = 1. Next, he substituted x = 0 and y =
1 into the parabolic equation, and then he obtained ¢ = 1. In the next step, he looked for the
derivative of the parabolic function, which is y' = 2ax + b. Student J utilized the value of the
parabolic’s derivative at x = 1, which is equal to m = 1, and he got 2a + b = 1. After that, Student
Jsubstituted ¢ = 1,x = 1 and y = 0 into the parabolic equation which resulting the second equation,
a + b = 0. He eliminated the two equations and obtained a = 2 and b = —3. In the last step, Student

J successfully obtained the parabolic equation y = 2x? —3x +1, and created a graphical
representation of the tangent line problem.
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Figure 18. Student J’s solution for problem 2

Student JA and Student J are two students who did not reach the procept spectrum when answering
the second question. Student JA incorrectly interpreted the value of b in the parabolic equation y =
ax? + bx + c. He thought that the slope of the tangent liney = x — lisequaltom =1 =b. As a
result, he obtained incorrect results, such as the equation1 = 2a(1) + b, the values of a and b, and
even the parabola equation. Subsequently, he failed to draw the graph of the parabola. In addition,
the error made by Student M was that he thought that the tangent line also passing through the point
(0,1), so he substituted x = 0 and y = 1 into y' = 2ax + b. This led him to conclude that y' = m =

1 = b. This incorrect result made him fail to obtain the parabola equation and create a graphical
representation of the problem (see Figure 19).



Besides Student JA and Student M, 7 other students also did not produce the graphical representation
of the tangent line problem (problem 2). Unlike Student JA and Student M, the seven students have
obtained the parabolic equation. Thus success in thinking in the proceptual world does not imply
success in the graphical representation. The students made various mistakes, and it was indicated
Student S did not even try to produce the graphical representation, Student R did not succeed in

drawing the graph of the parabola y = 2x% — 3x + 1, and the remaining five students (Student F,
Student Y, Student A, Student MA, Student AU) could draw the graph of the parabola but did not
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Figure 19. Student M’s answer

draw the tangent line y = x — 1.

The general description of the students' cognitive spectrum outcomes in solving problems related to

the basic differentiation rules is depicted by the following Venn diagram:

16

Figure 20. Students’ Cognitive Development

All students could think in the axiomatic formal world by proving the derivative of the
function f(x) = cos x.
Two students succeeded in thinking in the axiomatic formal world but failed to think in the
proceptual world. They also had difficulty creating a graphical representation of the given
tangent line problem. It is because they failed to obtain the parabolic equation y = ax? +

bx + c. Thus, success in thinking in the formal axiomatic world does not imply success in the
proceptual world.



e Most students (23 out of 25 students, or about 92%) succeeded in thinking in the proceptual
world by determining the equation of the parabola y = ax? + bx + c through the point (0,1)
and tangent to the line y = x — 1 at the point (1,0).

e 7 students succeeded in thinking in the proceptual world but failed to draw the graph of the
parabola and the tangent line y = x — 1. In addition, there were 2 other students (Student JA
and Student M) who were unsuccessful both in thinking in the proceptual world and in
producing the graphical representation. It can be concluded that success in thinking in the
proceptual world does not imply success in making the graphical representation.

e Some types of errors that were identified when students tried to create the graphical
representation of the tangent line problem were: (1) Student S did not produce a graphical
representation; (2) Student R did not succeed in drawing the graph of the parabola y = 2x2 —
3x + 1 correctly, and (3) five others (Student F, Student Y, Student A, Student MA, Student
AU) did not draw the tangent line y = x — 1.

e About 64% of the students (16 people) could draw the graphical representation of the parabola
and the tangent line y = x — 1. They were also consistently successful in thinking in the
formal axiomatic world and the proceptual world.

This study revealed that DC based on the TWM as a generic organizer can contribute to students'
cognitive development while learning the basic differentiation rules. Although very few students
struggle to think in certain cognitive worlds. This suggests that success in one cognitive world does
not guarantee success in another. However, all students in this study could think in the axiomatic
formal world by proving the derivative of the function. Most students (92%) succeeded in thinking
in the proceptual world when solving the tangent line problem. Also, many students (64%) had no
limitations in the graphical representations of the given problem. This further supports the idea that
the learning activities using DC based on the TWM framework contribute to students' cognitive
development. These findings were consistent with those reported in Tall's study [10],[20], which also
discovered that students' capacity to sketch gradients of supplied graphs considerably increased and
that their conceptualizations were extended while learning through a computer program.

5. Conclusion

This study has shown that the DC based on the TWM framework can be used as a generic organizer
to build students' perceptual meaning of the derivatives and the basic differentiation rules. The DC
based on the TWM provides recurrent activity cycles that include graphical exploration for derivative
conceptual embodiment, numerical computations, and symbolic manipulations. All these activities
can contribute to students' cognitive development. About 64% of the students were consistently
successful in thinking in the axiomatic formal world and the proceptual world and could draw the
graphical representation of the line problem. All students in this study were successfully thinking
in the axiomatic formal world by proving the derivative of cos x. Most (92%) also succeeded in
thinking in the proceptual world when solving the tangent line problem. However, some students
struggled with creating graphical representations of the tangent line problem. This suggests that
success in one world does not guarantee success in another world. Therefore, lecturers should
incorporate activities that target each cognitive world to support students' cognitive development.

This case study involved 25 students as research participants. The researchers suggest further research
with a larger sample size to generalize the findings of this study. Utilizing DC based on the TWM
framework has the potential to be implemented and studied further in other calculus topics. One is by
graphically exploring the problem of higher-order derivatives of transcendental functions, which is



not easy for students to guess. The extent to which DC as a generic organizer based on the TWM
framework can help students make sense of the concepts of various calculus topics (embodied),
gradually explore the proceptual world, and finally understand these topics symbolically (procept)
can be studied holistically.

Acknowledgements

This research study is supported by Lembaga Pengelola Dana Pendidikan (LPDP), the Ministry of
Finance of the Republic of Indonesia. In addition, we are also thankful to the community, at
Universitas Pendidikan Indonesia and Sampoerna University. With the support received, the authors
could complete this study as anticipated.

References

[1] D. Tall, A Sensible approach to the Calculus, El calculo Y Su ensefianza. 3 (2012), no. 1,
81-128, DOI 10.61174/recacym.v3il.139.

[2] E. M. Gray and D. O. Tall, Duality, Ambiguity, and Flexibility: A ‘Proceptual’ View of
Simple Arithmetic,c, J Res Math Educ. 25 (1994), no. 2, 116-140, DOI
10.5951/jresematheduc.25.2.0116.

[3] D. Tall, A sensible approach to the calculus, in Plenary at the national and international
meeting on the teaching of calculus, Puebla, 2010.

[4] A. . Sacristan, N. Calder, T. Rojano, M. Santos-Trigo, A. Friedlander, and H. Meissner, The
Influence and Shaping of Digital Technologies on the Learning — and Learning Trajectories
— of Mathematical Concepts, Springer, Boston, 2009, 179-226, DOI 10.1007/978-1-4419-
0146-0_9.

[5] D. Ebert, Graphing Projects with Desmos, The Mathematics Teacher. 108 (2014), no. 5,
388-391, DOI 10.5951/mathteacher.108.5.0388.

[6] D. Tall, The transition to formal thinking in mathematics, Mathematics Education Research
Journal. 20 (2008), no. 2, 5-24, DOI 10.1007/BF03217474.

[7] D. Tall, Using Technology to Support an Embodied Approach to Learning Concepts in
Mathematics, in First Coloquio de Historia e Technologia no Ensino de Matematica, Rio de
Janeiro, 2002.

[8] D. O. Tall, Dynamic mathematics and the blending of knowledge structures in the calculus,
ZDM. 41 (2009), no. 4, 481-492, DOI 10.1007/s11858-009-0192-6.

[9] D. Tall and J. P. Mejia-Ramos, Reflecting on Post-Calculus-Reform, plenary for Topic

Group 12: Calculus, International Congress of Mathematics Education, Copenhagen, 2004.



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

D. Tall, Students’ Difficulties in Calculus, in Proceedings of Working Group 3 on Students’
Difficulties in Calculus, ICME-7, Québec, Canada, 1993, 31-28.

E. A. Lunzer and R. R. Skemp, Intelligence, Learning and Action, British Journal of
Educational Studies. 28 (1980), no. 3, 248, DOI 10.2307/3120297.

D. Tall, E. Gray, M. B. Ali, L. Crowley, P. DeMarois, M. McGowen, D. Pitta, M. Pinto, M.
Thomas, and Y. Yusof, Symbols and the bifurcation between procedural and conceptual
thinking, Canadian Journal of Science, Mathematics and Technology Education. 1 (2001),
no. 1, 81-104, DOI 10.1080/14926150109556452.

D. Tall and L. Crowley, The Roles of Cognitive Units, Connections and Procedures in
achieving Goals in College Algebra, in Proceedings of the 23rd Conference of Psychology
of Mathematics Education, Haifa, 1999, 225-232.

R. E. Stake, The Case Study Method in Social Inquiry, Educational Researcher. 7 (1978), no.
2,5-8, DOI 10.3102/0013189X007002005.

R. H. Heck, Conceptualizing and Conducting Meaningful Research Studies in Education, in
The SAGE Handbook for Research in Education: Pursuing ldeas as the Keystone of
Exemplary Inquiry, 2nd Edition, SAGE Publications, Inc., 2011, 199-218, DOI
10.4135/9781483351377.

K. F. Punch, Introduction to Research Methods in Education, Sage, Thousand Oaks, 20009.

S. B. Merriam, Qualitative Research in Practice: Examples For discussion and Analysis,
Jossey-Bass Publishers, San Francisco, 2002.

S. Rasslan and D. Tall, Definitions and Images for the Definite Integral Concept, 2002.

L. Cohen, L. Manion, and K. Morrison, Research Methods in Education, 7th Edition,
Routledge, London, 2011, DOI 10.4324/9780203720967.

D. O. Tall, Building and testing a cognitive approach to the calculus using interactive
computer graphics, University of Warwick, 1986.



