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What is a 7-Circle Waltz? 
A polyhedron is said to be circumsriptible [1] if there exists a single point P (the circumcenter) 
equidistant r from all edges (not produced). This paper deals with the seven incircles of a 
circumscriptible heptahedron having a pair of parallel faces. We are thankful to the capabilities 
of taking inverse of the sphere as a built-in feature of the dynamic software Cabri 3D, the visual 
phenomena, full of geometric invariant properties, can be created and experimented. We call 
such experiments “7-Circle Waltz”. 
 

How to build a circumscriptible heptahedron? 
Method A: Truncation 
Example 1: (5,5,5,4,4,4,3)  
Select one corner and make the truncation there.The resulting heptahedron has three pentagons, 
three squares and one triangle as faces. Following [5] the list (5,5,5,4,4,4,3) is assigned to 
indicate its topological type. 

  
  

Animated GIF: Forming circumscriptible heptahedron (5,5,5,4,4,4,3) by truncating a corned of 
the cube) 

Example 2: (6,5,5,5,3,3,3)  
This heptahedron is constructed by truncating 3 vertices of a regular tetrahedron at one third of 
the original edge length. Note that this polyhedron has 3 pairs of parallel (5,3) faces. 

https://drive.google.com/file/d/1qEdRACkxJ4X27yRLh-TU4HgV05R3q6aU/view?usp=sharing
https://drive.google.com/file/d/1qEdRACkxJ4X27yRLh-TU4HgV05R3q6aU/view?usp=sharing


 
 

 
 

 
 

Animated GIF: Forming (6,5,5,5,3,3,3) by truncating three corners of a tetrahedron 
Example 3: (6,6,4,4,4,3,3)  
Starting from a prism, select two corners of the same vertical edge.  After the truncation of the 
two corners, the remaining polyhedron appears as: 

    
Animated GIF: Forming (6,6,4,4,4,3,3) by truncating two corners of (4,4,4,3,3) 

Example 4: (5,5,5,5,3,3,3) 
Starting from a prism two corners of the same height are truncated. 

    
Animated GIF: Forming (6,5,5,5,3,3,3) by truncating two corners of (4,4,4,3,3) 

Example 5: (6,5,5,4,4,3,3) 
Starting from a prism two diagonal corners of a square are truncated. 

https://drive.google.com/file/d/1KUL59POKya0bPj0iYnL7uXXZgDR2vhXb/view?usp=sharing
https://drive.google.com/file/d/1o-sQRuoA3xowYUewYD7hJOjiJV2o8neG/view?usp=sharing
https://drive.google.com/file/d/1LRuUTCe0Sk89JHMXFKmuAtIbjyYnng-9/view?usp=sharing


    

Animated GIF: Forming (6,5,5,4,4,3,3) by truncating two corners of (4,4,4,3,3) 
Method B: Convex Hull  
Example: (4,4,4,4,4,3,3)  

 
Modify a square face 

to a trapezoid 
circumscribing the 

sphere. 

 
Construct the second 
trapezoid symmetric 

to the vertical 
diameter. 

 
The required 
heptahedron is 
obtained by taking the 
convex hull of the 
pair. 

Masterpiece made 
from recycled vinyl 

disks. 

Animated GIF: Forming (4,4,4,4,4,3,3) by taking the convex hull of a pair of trapezoids 
Method C:   Build from the Icosahedron 
Example:(4,4,4,3,3,3,3;1) constructed from Icosahedron 

    
Animated GIF: (4,4,4,3,3,3,3;1) constructed from Icosahedron 28 frames 

Systematic Method 
There is a systematic way to construct the circumscriptible heptahedron following a three-step 
process 

1) Step 1: perform a plane geometric construction of an RSF 
2) Step 2: taking an inversion of RFS from Step 1 
3) Step 3: construct the 7 faces of the required heptahedron one-by-one 

Example: Concrete construction of the heptahedron (4,3,3,3,3,3,3;1) 

https://drive.google.com/file/d/1phRWAcXGF306AcWkhq23WunVz1QI5gUR/view?usp=sharing
https://drive.google.com/file/d/1dcyjqtSgcYgvnXoY4rcJY0EaB48jWmq7/view?usp=sharing
https://drive.google.com/file/d/1Rrxn7XIm_DqRzgUcfPsx-IXYlk7pfJA3/view?usp=sharing


1) Step 1: Construction of RSF(4,3,3,3,3,3,3;1) 5 frames.gif 
2) Step 2: RSF(4,3,3,3,3,3,3;1) inverted 6 frames.gif 
3) Step 3: 7 faces of RSF(4,3,3,3,3,3,3;1) constructed one-by-one 12 frames.gif 

 
Important inversion 
 Basic inversion taking any pair of disjoint circles on a sphere to circles having the same axis 
 
Google Drive links of files associated with 27 animations 
Part A. Heptahedra assigned with the list (6,x,x,x,x,x,x).  (Visually, each polyhedron has 1 or 2  
hexagonal faces.) 

7-Circle Waltz(6,6,4,4,4,3,3) 8 frames.gif RSF 6 frames mov 1 min 29 sec 81.4 MB 

7-Circle Waltz(6,5,5,5,3,3,3) 8 frames.gif RSF 3 frames mov 3 min 34 sec 61 MB 

7-Circle Waltz(6,5,5,4,4,3,3) 8 frames.gif RSF 6 frames mov 2 min 42 sec 144 MB 

7-Circle Waltz(6,5,4,4,3,3,3;2) 8 frames.gif RSF 4 frames mov 2 min 35 sec 102.4 MB 

7-Circle Waltz(6,5,4,4,3,3,3;1) 8 frames.gif RSF 4 frames mov 2 min 2 sec 163.7 MB 

7-Circle Waltz(6,4,4,4,4,3,3) 8 frames.gif RSF 4 frames mov 3 min 46 sec 218.9 MB 

7-Circle Waltz(6,4,4,3,3,3,3;2) 9 frames.gif RSF 4 frames mov 3 min 26 sec 218.7 MB 

7-Circle Waltz(6,4,4,3,3,3,3;1) 8 frames.gif RSF 5 frames mov 2 min 16 sec 122.5 MB 

 
Part B. Heptahedra assigned with the list (5,x,x,x,x,x,x) (Visually, no hexagonal faces and at 
least one pentagonal face) 

7-Circle Waltz(5,5,5,4,4,4,3) 8 frames.gif RSF 4 frames mov 2 min 16 sec 120.2 MB 

7-Circle Waltz(5,5,5,4,3,3,3;2) 9 frames.gif RSF 4 frames mov 1 min 13 sec 50.8 MB 

7-Circle Waltz(5,5,5,4,3,3,3;1) 10 frames.gif RSF 11 frames mov 1 min 40 sec 113.4 MB 

7-Circle Waltz(5,5,4,4,4,4,4)  10 frames.gif RSF 9 frames mov 2 min 43 sec 91.9 MB 

7-Circle Waltz(5,5,4,4,4,3,3;2) 10 frames.gif RSF 5 frames mov 3 min 25 sec 201.9 MB 

7-Circle Waltz(5,5,4,4,4,3,3;1) 9 frames.gif RSF 8 frames mov 2 min 17 sec 92.5 MB 

7-Circle Waltz(5,5,4,3,3,3,3;2) 10 frames.gif RSF 4 frames mov 2 min 26 sec 153.2 MB 

7-Circle Waltz(5,5,4,3,3,3,3;1) 14 frames.gif RSF 5 frames mov 1 min 49 sec 109.9 MB 

https://drive.google.com/file/d/18cSaOUcb5TuIutU0myOpWfKfBr3tT1J9/view?usp=sharing
https://drive.google.com/file/d/1s_B1834F8HvjCQDkHywrRFWiEArz3Q5Q/view?usp=sharing
https://drive.google.com/file/d/10WNoDaG9iblPEqIcQvRLfX8CegtFI3_h/view?usp=sharing
https://drive.google.com/file/d/1UmPsjMCx0i5MFfp8aYvWs8rdgulwCT7S/view?usp=sharing
https://drive.google.com/file/d/1fON2u-IVsjadbQyFAGR2Nis0txZmVGP5/view?usp=sharing
https://drive.google.com/drive/folders/1BT3O13VEG8kafQdww0v5tIwDuIR6Ypwi?usp=sharing
https://drive.google.com/drive/folders/1hPS9Ws20L6q6Z7A333DKIaz1n0JJ1oYu?usp=sharing
https://drive.google.com/file/d/1LDd5hugleJUvTwOFxu-CGrJFa5hVGsKS/view?usp=sharing
https://drive.google.com/drive/folders/136QhVgLRgjENoH9-kN3FDMaYlOuogyXw?usp=sharing
https://drive.google.com/drive/folders/1f4eoY8a4Iyo8zODkrsBMFH1NBrlmWkNa?usp=sharing
https://drive.google.com/file/d/1pFyPcBDPUGjH2nADcrVzazpoMAW6dErb/view?usp=sharing
https://drive.google.com/drive/folders/1fRpcDChbCqIWlM6MKejFsA1znmtJIF4M?usp=sharing
https://drive.google.com/drive/folders/1UtFRJocFWyZrD1GZhUNnFT_tY3983f1K?usp=sharing
https://drive.google.com/file/d/1mUeHRQbMvx4_filNdz618xWbPrZpjC4V/view?usp=sharing
https://drive.google.com/drive/folders/1-fA6y8Xi099daccXq_3JFf15LFWKMzG3?usp=sharing
https://drive.google.com/drive/folders/1xDCtEmJDG4Gg7A1hQuH6qaMLrbOqD09z?usp=sharing
https://drive.google.com/file/d/1KzmTNgx5dV467m733bY70Y_uPpjxQVTg/view?usp=sharing
https://drive.google.com/drive/folders/1T8Rzy0VpnL3g3SkcHm8bCZ1OcNjd5Yrl?usp=sharing
https://drive.google.com/drive/folders/1HEX9-qs7uSJEdLWgs_KeviSpb8_J4kTq?usp=sharing
https://drive.google.com/file/d/1sMW55jVRFIP-iqxmYCQh907H7hZrjJMb/view?usp=sharing
https://drive.google.com/drive/folders/1LZp_DvDf4w2DXULNjm9UQPpej2xFOxhr?usp=sharing
https://drive.google.com/drive/folders/1godLBUc0IEiJYNY7dyiDI2uSPns0pqco?usp=sharing
https://drive.google.com/file/d/1AZ3WrcAQipVaEb887Bj7EEQsZClas66Q/view?usp=sharing
https://drive.google.com/drive/folders/1BznLoGJonGe2LYRVtrev6wBdMKJfceAw?usp=sharing
https://drive.google.com/drive/folders/1nokHkb3O1KFQQMr9PJEjeOTyX5INEUjV?usp=sharing
https://drive.google.com/file/d/15SdX1Ik3D0m74jcaxv7TTAHIPyyjLfF5/view?usp=sharing
https://drive.google.com/drive/folders/1v2dPK1NL_Quj6il2J-awf_Z1Q87G3m7v?usp=sharing
https://drive.google.com/drive/folders/11iU7OX1AqSWsK97zaepRBaGOKsTVxc0S?usp=sharing
https://drive.google.com/file/d/1Jx4uBPfnB3UXbYw-MHgw96VuwDZyFGkm/view?usp=sharing
https://drive.google.com/drive/folders/1hGoynRz_7Oomn8hGAlFS0uQFGylWvS2F?usp=sharing
https://drive.google.com/drive/folders/1NQ0o7-Tr8LJeYNy_FVil8UL7AFvv2zw3?usp=sharing
https://drive.google.com/file/d/1IIlnwn6VjfWS1Dnli_u9BImaWObrXISL/view?usp=sharing
https://drive.google.com/drive/folders/1mHdoesmqD6GT8eiBiBmPGR0gjLWF0Z_u?usp=sharing
https://drive.google.com/drive/folders/1FZ987b2L1i5y7C3Z5ebVKBLSkGtbvgfj?usp=sharing
https://drive.google.com/file/d/1k9Ioflf3f4ClpYG7w1i42dO4F2iIfJK5/view?usp=sharing
https://drive.google.com/drive/folders/1ujK8vpQVptBwX4eXUx3NuSqFuPbn7qq8?usp=sharing
https://drive.google.com/drive/folders/14O87rYfMoW3Fl8aYwfwfu9g-FDGzwriZ?usp=sharing
https://drive.google.com/file/d/1dZB3jfetlvhSJHrqSQJmkwAE61cPAUIu/view?usp=sharing
https://drive.google.com/drive/folders/1PpfV9YnFxrU6qqz-YvpZsNwNjC9xqCWD?usp=sharing
https://drive.google.com/drive/folders/1EgxgMJvjzL4bMoA4YqRbdNmRD9xl8EIq?usp=sharing
https://drive.google.com/file/d/1uMWzhKMvCNOD3Gk-yilwx6btExbLdPKP/view?usp=sharing
https://drive.google.com/drive/folders/1CPJKBo1jKHBqJkrZN_zo1D_bT_zl-6Dv?usp=sharing
https://drive.google.com/drive/folders/1CPJKBo1jKHBqJkrZN_zo1D_bT_zl-6Dv?usp=sharing
https://drive.google.com/file/d/1DZcsSD1PoV6jCTy94EBJfUXg3rTX138B/view?usp=sharing
https://drive.google.com/drive/folders/1tx8yoUPt_gft7_ZeI5KGwXq3QSZI9KkS?usp=sharing
https://drive.google.com/drive/folders/1CPJKBo1jKHBqJkrZN_zo1D_bT_zl-6Dv?usp=sharing
https://drive.google.com/file/d/1oQABaRgF7374oRVxp_x0gSdKzXJ8Yzmt/view?usp=sharing
https://drive.google.com/drive/folders/1JNTBQN7uqoC-Z4ZoQ-T--IG6TRjive8j?usp=sharing
https://drive.google.com/drive/folders/19-aMNO6FduX-h1qqng5OM_zaTh5N7p_m?usp=sharing
https://drive.google.com/file/d/1dndvSeTq1xAECUa-_9jNpXT8GOwURK6_/view?usp=sharing
https://drive.google.com/drive/folders/1yUw5J6RKCW-97wlrKWb8-swmjkl428Fd?usp=sharing
https://drive.google.com/drive/folders/1X1OnMfw1lSiBRTMvISEe5cBN-wfjEC_2?usp=sharing


7-Circle Waltz(5,5,4,3,3,3,3;1) 8 frames.gif RSF 4 frames mov 1 min 59 sec 128 MB 

7-Circle Waltz(5,4,4,4,4,4,3) 11 frames.gif RDF 6 frames mov 2 min 59 sec 128.9 MB 

7-Circle Waltz(5,4,4,4,3,3,3;3) 42 frames.gif RSF 6 frames mov 2 min 19 sec 93.3 MB 

7-Circle Waltz(5,4,3,3,3,3,3;1) 16 frames.gif RSF 5 frames mov 1 min 53 sec 78.4 MB 

Part C. Circumscriptible heptahedra assigned with the list (4,x,x,x,x,x,x) (Visually, only 
quadrilateral and triangle faces) 

7-Circle Waltz(4,4,4,4,4,3,3) 10 frames.gif RSF 3 frames mov 35 sec 60.7 MB 

7-Circle Waltz(4,4,4,3,3,3,3;5) 8 frames.gif RSF 2 frames mov 2 min 9 sec 122.6 MB 

7-Circle Waltz(4,4,4,3,3,3,3;4) 8 frames.gif RSF 5 frames mov 2 min 2 sec 124.6 MB 

7-Circle Waltz(4,4,4,3,3,3,3;2) 15 frames.gif RSF 7 frames mov 2 min 7 sec 141.4 MB 

7-Circle Waltz(4,4,4,3,3,3,3;1) 16 frames.gif RSF 3 frames mov 59 sec 177.3 MB 

7-Circle Waltz(4,3,3,3,3,3,3;2) 11 frames.gif RSF 6 frames mov 1 min 38.3 MB 

7-Circle Waltz(4,3,3,3,3,3,3;1) 11 frames.gif RSF 4 frames mov 1 min 1 sec 77.3 MB 

Byproduct: 
Links to ideas motivated by the Kinetic Art 
Stereographic images containing a pair of concentric circles 
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