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Abstract: Several years ago | started cooperating with a feidathool teacher to create DGS resources thatlean
easily used by teachers with their students. Tears/ago a joint research project between my Ilmtit of research
and her middle school had been started. The airthisfproject was to combine my skills as an experdynamic

geometry and experimental math with the skills gfaolleague as a teacher and a technology user.aived to

respond to her needs for resources involving u§iagri environments to teach some contents of tleméh middle

school syllabus. Our work focused especially ontélaehing of the concepts of perimeter, area arldrae. This paper
describes the files created by the expert, how Wene designed with the teacher and how they wsee to enhance
the more experimental practice of mathematics ie thassroom. We will also discuss the format chofen
disseminating this work: this is an important isduecause it is important to convince teachers titaer ways of
teaching are possible with these resources evineyf are neither expert in dynamic geometry ndecinology user in
their teaching. The theoretical background of thierk generated the results | have obtained conogrnihe

experimental process of discovery using Cabri [8Pe

1. Perimeter

1.1. Perimeter of atriangle

1.1.1. The initial question of the teacher

The teacher wanted to transmit to her students the idea thpareneter was not only a formula ; it
has also a geometric meaning: the length of a segiHer demand from the software was to create
dynamic figures which show such an approach.

1.1.2. The response of the expert

The expert achieved such figures where the given trianglebmanfolded until a position which is
a segment having as a length the perimeter of ittendriangle. This work led to three models of
unfolding a triangle. Each model was recorded uraderacro construction in order to be used in
other files of the Cabri environment. So, eachnm@s a new tool giving the unfolded triangle by
clicking once on the triangle. The object obtaimgth such a macro can be folded or unfolded by
dragging one or two points. Figure 1 shows belosvttitee models created by the expert.

Figurel



Figure 1 on the left: unfolding ABC gives the blackject DB-BC-CE; D and E can be dragged
separately along the dotted arcs.

Figure 1 on the centre: unfolding ABC gives theebdbject BC-CT-TE; T can be dragged along the
dotted arc to unfold ABC.

Figure 1 on the right: unfolding ABC gives the bligect DB-BC-CE; E can be dragged along an
arc and commands the unfolding of ABC (this modetifferent from the first one because the
motion of point D is obtained when point E moves).

We do not give the details of the constructionsytbnly use proportionality and rotations.

1.1.3. Designing these files

This work has been achieved by the teacher andexpert. It led to dynamic figures using
hide/show buttons to enhance its use in the classroom eyeanlumsy users. The teacher has
decided to share these files with her colleague®awerpoint documents with a minimum of
explanation about the use of thele/show buttons. Thanks to the Cabri plug-ins, it is pblesio
insert Cabri files in a Powerpoint document: they de manipulated even if the software is not
installed in the computer (the user needs onlystail the Cabri plug-ins; they can be downloaded
and installed freely). These plug-ins allow eveifpdo export Cabri files in HTML documents.
These can be manipulated under Internet Exploréhensame conditions as the files inserted in
Powerpoint documents.

Here, in Figure 2, is the second model designedhbyexpert-teacher couple. Fivede/show
buttons are added. The red one hides or showsth&iangle ABC, the grey one hides or shows
the blue model BC-CT-TE and the blue one hideshows the dotted blue segment [BE]. The two
other buttons hide or show the perimeter of triariBC and the length of segment [BE].
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1.1.4. A scenario of using such a file

As shown in figure 2 (centre), the numbers displlaggerimeter and BE) are not equal. So, we
move point T until the complete unfolding of tridmgABC (when points B, C, T and E are
collinear). We can see that at this time these mumhbre equal even if we change the shape of
triangle ABC. We have conducted two experimentse (88 : the first one, generative (generating
the conjecture: the perimeter is the length ofgarent obtained by unfolding ABC) and the second
one, validative (validating the previous conjecture. verifying it in several particular cases).

1.2. Perimeter of a quadrilateral

A similar outcome was achieved for quadrilateraksding to two unfolding models. The first one
needs three points to be dragged independentinftddua quadrilateral (drag points D, T or E in
figure 3 on the left). The second one unfolds adgiateral by dragging only one point (drag point



T in figure 3 on the right). The constructions loé texpert led also to two macro constructions that
could be used later in other Cabri files.
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1.3. An example of the use of macros of unfolding

1.3.1. An exercise (comparison of perimeters)

Theteacher wants to give her students a task using papepandil: compare the perimeters of a
given triangle and a given quadrilateral; she dsksa geometrical solution with the use of the
compass and the previous approach. She wanexpleet to create dynamic figures allowing her to
display and visualise such figures with her laptoj a data projector (on a screen or on an
interactive white board). The expert creates aréigwith Cabri showing the triangle and the
guadrilateral, and uses its macros to unfold thEme. teacher prints the figure after hiding the nets
she obtained with the macros to unfold them. Shpeesait for the student$lide/show buttons are
added to display the perimeters : they must be fgdtie last verification.

1.3.2. How to use this file (figure 4)

The teacher displays the file provided by the eixped designed by the expert-teacher couple. She
unfolds quadrilateral ABCD by dragging point A'ndatriangle EFG by dragging G’ et G” (figure

4 on the left). She drags triangle EFG to supersepmints G’ and C (figure 4 on the right). Then
she can visualise the two segments modelling tleep®rimeters, and let the students see that the
red one is longer than the blue one. It is posgibhalidate this conjecture by displaying (witke th
hide/show buttons) the perimeters and the lengthe@tegments modelling them.

] p(ABCD) = 16,13 cm
[ cCc'=1613em

Drag A', G' et G" O Drag A', G'et G"
O

(1 P(GEF) = 18,76 cm
O G'G"=18,76cm

Figure4

1.4. Perimeter of acircle

1.4.1. An approach with Cabri 2 plus files

In this paragraph, we show the files created byettyggert in order to understand dynamically that
the perimeter of a circle is the length of a segnodtained by unfolding such a circle. It is a matu
manipulation in our real world which models thed#nof a circle (we admit that rowling without
sliding transmits exactly the lengths).

Figure 5 shows the modelling of the unwinding ofear by dragging the point on the dotted
segment. The right figure is an improvement of lé¢feone: we have used a translation to get this



representation in parallel perspective. The lewngtie circle and the length of DE can be displayed
with hide/show buttons

Figure5 on the left: the dotted circle is translated from D to E. Takeck segment [DE] is the part
of the unwound thread. The part which is not unwbis attached to the coloured circle: it is
represented by an arc : the second edge of this aomstructed by transferring the measurement of
the difference between the perimeter and DE. We lzdso created a slider to vary the motion of
point E along a horizontal line.

Figure 5 on the right: it is the same as the previous one ; we have asdy a translation whose
vector can be changed by dragging point D. Theréigoecomes more realistic when we add a
regular polygon and the translated polygon (usheggrevious translation), a blue cylinder with a
locus of parallel segments and a red tape withlbmoof segments. That allows us to model the
unwinding of a tape.

Drag this point
| Length circle = 11,24 cm I DE=530cm

Drag this point
O Length circle = 12,57 cm [1 PE=7,55cn

Figure5

1.4.2. How to use such a file with students

As done before with triangles and quadrilateraildge/show buttons can display the perimeter of the
circle and DE. These numbers are equal (same eisiigits) when the unwinding is over. The

experimentation allows the users either to discakat the perimeter of a circle is the length of a
thread obtained by a process of unwinding, or tml&ge this result.

1.4.3. An approach with a Cabri 3D file (figure 6)

The Cabri 3D file provided by the expert and designed by the expert-teacher couple

A more realistic figure has been created with C8bri Here we can model the unwinding of a tape
represented by a set of rectangles (where the fate empty). The unwinding is obtained by
dragging only one point. The diameter of the rearcle) is displayed (it can be changed by
changing the position of the centre). The widthtlod tape can also be changed by dragging a
special point. The ratio between the perimetethefrear (Ilength of the tape) and the diameter has
been calculated and displayed in a text beginniitly w>>. Only this sign is visible on the screen
and the ratio can appear when this sign is dragméuk left.

How to use this file with the students: the tape is completely unwound in order to digphe
same numbers for the perimeter and the lengtheofape. Then the teacher asks this question to the
students: is it possible to guess the ratio betwibenlength and the diameter ? Students can use
their calculators to evaluate this ratio with tregadprovided by the software. This activity is more
interesting with students of the first year of mi@dchool than with older ones. For the first ones,
this activity would be a generative experiment iscdver number ; for the others, it would be a
validative one to check if the result given by #adtware is really the right one. At the end of the
activity, the teacher displays the text following>>that can be 3,1415926536 (if the number of
digits has been set at its maximum). This numbesdwt change even if the diameter is modified.



This work can lead to the conjecture of the formgilang the perimeter of a circle with a special
number called Pi and writteambecause letter “P” is the first letter of the w&pgrimeter” in Greek.

Diameter = 5,28 cm >>3

&
Drag this point

Figure 6
2. Area

2.1. Areaof adisk

First part of the activity with the designed file (figure 7): a yellow square is displayed with its
area (first picture) ; then a big pink square appdsecond picture) when one clicks on the pink
hide/show button. The students are asked a question : witat vmumber do you multiply the
« yellow » area to obtain the « pink » area ? Tien@r is easily given: number 4. This number
appears when one clicks on X button. Thedgtbn of the answer is obtained by clicking the
B button: the result of the multiplication of tiiellow area by 4 appears ; this is the area obtbge
square.

: rea pin :
5,86 cm Square 55,86 cm
Area yellow square [X] 4 - Area yellow square 4
Area blue 2
96 disk 13,96 em

Figure7

Second part of the activity with the samefile (figure 7): the blue disk is displayed (third tpi)
with its area (blue hide/show button). The studanésasked a question : with what number do you
multiply the « yellow » area to obtain the « bluarea ?

Everybody can check that multiplying by 4 (numbleeady displayed with t@x button) gives too
big a result (this result is displayed with theemdr hide/show button E ). After that, we start an
experimentation byrial/error: it is a natural dichotomy leading to an approxioraof i, and the
conjecture: the formula for the area of a disk wdllius R is proportional to the area of a square
having R as a side (fourth picture).

2.2. Lateral area of acylinder with Cabri 3D

2.2.1. Modelling the unfolding of a cylinder (filrovided by the expert: figures 8)

We do not give the constructions to obtain suchleavihere the folding and the unfolding is
controlled by a cursor (first and second pictuses [4]). These constructions could nevertheless
represent a different way to approach 3D geomeiryegfachers and students.
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Figure8

2.2.2 How to use this file with the students (fig &)

The teacher leads the experiment by unfolding cetepy the cylinder (third picture) : everybody
must see that we obtain a rectangle (change thm pbview if necessary). We can see also that the
length of the rectangle is the same as the permudtéhe base (circle) of the cylinder (fourth
picture). This experiment allows the teacher tagmait easily the formula giving the lateral area of
the cylinder with respect to the perimeter of thedand the height of the cylinder.

Remark: this model is an approximation of a cylmdeth a regular prism where the borders of
each side are empty. We can obtain nets of prisr@abri 3D, but not at all the one used before.

2.3. Area and enlargement

2.3.1. The Cabri 2 Plus file created by the exaed designed by the expert-teacher couple

The aim of the activity generated by this file ashelp students to conclude that if distances are
multiplied byk, areas are multiplied b2 We designed this file as a game to avoid a symbol
approach which does not really enhance the undhelisig. of new concepts.

ratio : 3,00 1% ratio =
k=2 ’
/
\\/ \/
O Forearm little filou: 1,24 cm Forearm Filou: 2,47 cm [2,00
O Head little filou: 0,80 cm’ Head Filou: 3,21 cni* 014,00
O Trunk titte filou: G660 Trunk Filou: | 264|400
. o = 3 . e
8 Eye e siou: G Eye Filow: 1,27 an 14,00 Volume small cube =2,1 cm multiplied by
_ 2
O Placard litle filon: 3,96 cnt’ Placard Filou: 15,82 cni” [14,00 Volume big cube = 57,4 cm®

Figure9

This file (figure 9 on the left) contains littleléu and Filou with their placards. Filou is creatad
transforming little Filou using an enlargement (tioeent k: herek = 2 which is a didactical
choice). Thehide/show buttons of the first line display the lengths bé tforearms of little Filou
and Filou and the ratio of these two measuremenitécti is indeed 2). In the four other lines,
buttons display the areas of some parts of thedsoolf little Filou and Filou and the ratio of these
measurements (here indeed: 4 !!1).

2.3.2. How to use this file with students

The teacher starts with all the hide/show buttaresctivated

First experiment: transform little Filou in order to observe howdtilis transformed. The students
must conjecture quickly that Filou is an enlargetraHittle Filou. To validate such a conjecture,
the teacher displays the measurements of the faseand their ratio with the right button. Students



must link this ratio to the numb&rdisplayed. The teacher will change the valuk iof order to see
how little Filou is transformed and especiallydioeck that the ratio between the measurements
stays equal té.

Second experiment: activate the other buttons to display the areasttoér parts of the two bodies
and their ratio all equal to 4. These observationst lead students to a conjecture linkiknig the
ratio of areas. It is a generative experiment. Y¥patudents conjecture the formuld,2out older
ones will easily conjecture the formul& . This activity must become validative: the studenust

try either to validate the conjecture (validatedame non rejected, and so true until another
experiment, see [7]) or to invalidate it (rejea tonjecture even if, often, it is a stage of dpub
Third experiment: change the value of k from 2 to 3: it helps shisléo reject definitely their
wrong conjecture and generate the good one. Faetdo have done the right conjecture this
change is a confirmation, it increases the plalityitwif this conjecture. It is not forbidden to cige

k to 10, 100 and 1000 and to display the ratiosreés evaluated with 100, 10000 and 1000000
even if Filou disappears from the screen.

2.4. Areaof asphere

2.4.1. The Cabri 3D file provided by the experyfie 10)

This file represents a sphere and a disk havingdinge radius. The areas of the disk and the sphere
are given by the software. At the top right of $ween, we can see some text beginning with
>>>>>>>, If this text is dragged to the left sidee ratio between these two areas appears. kas al
possible to modify R by dragging the red point. @@iag the blue point allows us to check that the
given sphere is inscribed in a cylinder based ergitien disk (height: 2R).

>>>>>>

Area blue disk (radius R) : 52,8 cjn®

Afea sphere (radius R) : 211,1 em*

Figure 10

2.4.2. Conjecturing the area of a sphere with sttede

The students are asked by the teacher to compute their own calculators the ratio of the
displayed areas for different values of R (that bardone by dragging the red point). They must
obtain results close to 4: so they can conjectheegood ratio after a debate. The teacher will
validate their conjecture by displaying the rativeg by the software. (drag leftside the text
>>>>>>>>), As the students know the formmig2 (area of a disk having R as a radius), they will
propose the formulatR? for the area of the sphere. We can increasepldwasibility of the
conjecture by displaying the maximum of digits floee number equal to the ratio.

2.4.3. Conjecturing without proving deductively

A deductive proof is not possible for middle schobhighschool students. Nevertheless the status
of this proof (in the meaning of experimental praofalidated in a great number of cases) is an
official status for researchers in mathematics.rigvedy knows that the last Fermat theorem has
been at last proven by Andrew Wiles as a conseguehdhe proof of the Shimuro-Tajiyama



conjecture. Even when this conjecture was not iafficproven, for mathematicians, it was like an
evidence: therefore lots of research works stanttll the starting point such as: let us admit the
Shimuro-Tajiyama conjecture.

3. Misconceptions about perimeter and area

As the middle school teacher wanted to fix somecanseptions about perimeter and area, she
asked the expert to create some files to help $er.he created two files in order to enhance a
debate between the teacher and her students tothesip to be aware of their misconceptions.
These files can also be used at a higher levaa éynamical work around functions.

3.1. Triangle with a constant perimeter

3.1.1. File provided by the expert (figure 11 oae Lbift)

A triangle whose shape can be changed by draggamgt fr has been constructed with the
constraint : the perimeter is constant. Whide/show buttons, it is possible to display the
perimeter, the area and CE. Other buttons can & tasdisplay a system of axis and the curve of
the function giving the area with respect to CE armbnic passing through five points of this curve.

—
Perimeter Area = Perimeter Area -
U413 cn’ [ 0 0 —
—
A
A Are
B C E 13,33 cm
O CE=224cm
6,00 cm 6,00
CE
=] =1 (6,00 cm X 3,33 cm=20,00 cm®

3.1.2. How to use it with students

The teacher changes the shape of the trianglergrid tbtain from her students what they think
about the perimeter and the area of this dynamandle. The aim is to break a systematic link
between these two notions. Usually they conjediuaé perimeter and area varies in the same way.
It is possible to validate the first one about #rea and to invalidate the second one about the
perimeter in activating thieide/show buttons.

3.1.3. How to use it at a higher level

Using thehide/show buttons gives the curves of the variations ofdhea with respect to CE. The
shape of this curve cannot suggest a parabolaadinthe last button display the previous conic
superimposed to the curve. Cabri says that thigagsran ellipse.

3.2. Rectangle with a constant area (figure 1lhercentre and on the left)

A similar work can be done with a file where thepert has constructed a rectangle with the
constraint : the area is constant. It is possiblentagine what has been done with the screenshots
displayed in figure 14.

3.3. Helping the teacher to present the solution of a paper and pencil task
The students had to compare the perimeters and afedl polygons of figure 12 to the perimeter
and area of the yellow rectangle. This figure wasted on a piece of paper. The expert created



with the teacher the file presented in figure 1#hviauttons to display all perimeters and areas: in
this figure, it was also possible by dragging sgumts to superimpose each polygon to the yellow
rectangle in order to generate or validate a comjeabout the comparison of perimeters and areas.

Figure 12
4. VOLUME

4.1. Volume of a sphere

4.1.1. The Cabri 3D file provided (figure 13 on tb#)

This file has been created by the expert and dedidpy the expert-teacher couple in order to lead
an investigation similar to the one led for theaacé a sphere (figure 13 on the left). Here are
displayed the volume of the spherg;\¥nd the volume of the cylinder €/ Dragging the red text
leftwards displays the ratiodV Vs.

Base = B=30,9 cm? Bh=
Height=SH=h=5,2cm

Volume sphere = 185,4 em® —_
multiplied by 5 o

Volume pyramid =

Multiplied by
Volume cylinder = Pi.R*2R =278,1 em® Volume prism =

Figure 13

4.1.2. How to use this file
Here the conjecture will bed& 1,5.Vs. Therefore, knowing ¥= 2R1R?, students can obtain the
« expected » formulad~ 4/3. 7R3,

4.2. Volume of a pyramid
The same technique of investigation can be usdd tvé file presented in figure 13 on the right. It
leads to the conjectur®:olume of a prism equal threetimesthe volume of a pyramid.

4.3. Enlargement (reduction) of a cube

We use here with a Cabri 3D file (figure 9 on tight) the same technique as the one used with
Cabri 2 Plus in paragraph 2.3. where little Fileuaplaced by a little cube. The data analysed are
here volumes instead of areas. The aim to reakhfes the ratio between the volumes when the
ratio of the enlargement ks



5. CONCLUSION

We have shown in this paper how a expert-teachapleacan create and design Cabri 2 Plus and
Cabri 3D files to teach dynamically the notionsparimeter, area and volume. Such resources
enhance an experimental practice of mathematics [§p where two sorts of experiments,
generative or validative can be conducted (gemayadéi conjecture or validating a conjecture).
Special techniques of investigation within thesehtmlogical environments had been used: they
must be known by teachers to be passed to thalests (see [8]). It is the very important process
of instrumentation (where the tool becomes an umsént in the meaning of Rabardel, see [9])
different to the similar process in the paper aadgd environment. Here below, in figure 14, are
two screenshots of figures created with Cabri ZRlud Cabri 3D leading to conjectures about the
volumes of some pyramids, knowing the volume ofildec(see [2] for the Cabri 2 Plus file).

Figure 14
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