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There are many computer software packages for solving/proving difficult mathematical
problems/theorems in automatic mode, but most of them are implemented as a black-box
manipulation. It will be illustrated in this talk how to make use of computer programs to
deal with some interesting and harder problems in a "readable” mode or a computer-aided
mode, which can be more accessible by more audience.

1 Introduction

Let us begin with a more simple example. Given a homogeneous polynomial in x,y, 2,
P(z,y,2) = 32> —32%y — 3272 — 3ay® + 9wyz — 322° +8y® — 8yz — 8yz? + 823,

show P(z,y,z) > 0 provided z,y, z all are nonnegative.

There are various methods to verify the nonnegativity of P, but I prefer a certain one which
uses a little mathematics. That is, split the quantities x,y and z into smaller nonnegative ones,
then, collect the terms and see whether the coefficients all are nonnegative.

One may use the following linear transformation for splitting:

l':tl—'—tz—i‘tg

y=1l2+1;3
z =13
that is
x 111 ty
y|l=1]1011 to (1)
z 0 01 t3

where t; > 0,15 > 0,t3 > 0 if and only if x >y > 2.
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By (1), P(z,y, z) transforms into a polynomial in 1, ts, t3:
Pi(ty,ta,t3) = 315 + 615ty + 3tits + 3tytats + 5ty + 13153, (2)
All the coefficients of (2) are nonnegative, so P(x,y,z) = Pi(t1,ts,t3) > 0 when = >y > 2.

Otherwise, when = > z > y, we use the following transformation in stead of (1),

T 11 17[¢#4
zl=101 1/]t (3)

that keeps t; > 0,13 > 0,13 > 0, and P(x,y, z) is also transformed into
Pi(t1,ta,t3) = 385 + 65ty + 315t + 3titats + 5t5 + 13153,
so P(x,y,z) = Pi(t1,ta,t3) > 0 for this instance.

Analogously, when y > x > z or z > x > y, we use the following transformations respec-
tively,

y 111714 2 11174
zl=1011||t]|, |2|=]011]|]¢t
2 00 1]/t y 00 1]/t

that both keep t; > 0,ty > 0,3 > 0, respectively, and P(z,y, z) is transformed into
Py(t1,ta,t3) = 815 + 21 5ty + 135t + 151115 + 23 t1tats + 515 + 13 t5ts, (4)
so P(x,y,z) = Py(t1,ta,t3) > 0 for the two instances.

Finally, when y > 2 > x or z >y > x, we use the following transformations respectively,

Y 1 11 th z 111 ty
z|=]1011 to |, y|=1]011 to
0 0 1 t3 T 0 0 1 t3

that both keep t; > 0,ty > 0,t3 > 0, respectively, and P(z,y, z) is transformed into
Ps(ty, to, t3) = 813 + 167ty + 1313t + Stitats + 3t5ts, (5)
so P(x,y,z) = Ps(t1,ta,t3) > 0 for the last two instances.

Let us sum up the procedure above: There are 6 different orders of x,y, z sorting by size.
Each of the orders corresponds a linear transformation which splits z, v, z into smaller nonneg-
ative quantities ¢y, ty,t3 and transforms P(z,y,z) into a polynomial in ¢, s, t3. Since every
resulting polynomial is of nonnegative coefficients, the original polynomial P is nonnegative as
well.

This proof uses a little mathematics only: the sum and the product of nonnegative numbers
must be nonnegative, too. The trick like this has been frequently applied to symmetric poly-
nomials by so many people for so many years that I cannot list all the names and jobs. What
we will try here is to apply the “splitting” method to nonnegativity decision for much more
polynomials including asymmetric and symmetric ones which appear in various problems.



2 Difference Substitution

Referring to the example in Section 1, we call the set { Py, P», P3} the Difference Substitution
of P and denoted by DS (P), because

l':t1+t2—|—t3 tlzl'—y
Yy =to + 13 means to=y—z (6)
z =13 I3 = z,
i.e., {t1,t2,t3} is the difference sequence of {x,y, z}, and
l':t1+t2—|—t3 tlzl'—Z
{z:t2+t3 means {tgzz—y (7)
Yy = t3 t3 =Y,
i.e., {t1,t2,t3} is the difference sequence of {z, z,y}, etc.

Generally speaking, the Difference Substitution of a ternary polynomial has up to 6 mem-
bers. Let us see another example:

Q(z,y,2) =22* =322y — 62%yz + 9222% + 22y — 6wy2® — 422 +29°2 +39% 2% + 27,
and then compute its Difference Substitution, DS (Q) = {Q1, @2, @3, Q4, @5, Qs }, where

Q1 = 217 + 813ty + 815ty + 9312 + 12 3tyt5 + 121342 + A tyt5 + 13,

Qo = 211 + 813ty + 813t + 211315 + 36 t1tots + 121715 + 2211t + 48t t5t5 + 24 1tot5
+ 83 + 20 t5ts + 1215t3,

Qs = 215ty + A3ty + 31315 + 12t5t0t5 + 126542 + 13,

Qu =283ty + 4 t5t5 + 9135 + 24 tTtots + 12155 + 1215 + 36 t1tots + 24 titots + 615
+ 16 t5t3 + 12153,

Qs = 11 + 3132 + 10,13 + 12112t + Sty + 20 t5t5 + 121242,

Q¢ = t] + 48ty + 9tTt5 + 121185 + 12t1t5t5 + 615 + 16 tats + 1215t5.

Noting all coefficients of the polynomials in DS (Q)) are nonnegative, by the same argument as
that for P(x,y, 2z), we conclude that Q(z,y, z) > 0 whenever x,y, z all are nonnegative.

In general, for the n-variant polynomials, there are n! different orders of x1, zs, - - -, z,, sorting
by size. To each order, say, ©1 > x5 > - -+ > x,, corresponds a “splitting” transformation,

=t +t+---+1,
Tog =1ty + -+ 1,

(8)

Tp = tna
and tq,t9, - -+, t, is just the difference sequence of x1,x9,-- -, ,.
Analogously, the Difference Substitution of an n-variant polynomial F'(xq, s, - -, x,) has up

to n! members. If all the coefficients of these members are nonnegative, then F' > 0 whenever
Ty, T2, -, Ty, all are nonnegative, in other words, F' is positive semi-definite on R .



For brevity, a set of polynomials is called trivially nonnegative if all the coefficients of its
members are nonnegative. It must be pointed out that DS (F') to be trivially nonnegative is
only a sufficient condition for F' to be positive semi-definite on R, but not a necessary one.
In the practice of proving inequalities, however, we often meet polynomials whose Difference
Substitutions are trivially nonnegative, so that these inequalities are proven very easily.

Problem 1. Show that the following polynomial is positive semi-definite on R?,
F=2% 494+ 2% — 2%y —ay® — 2%z — 22* — y*2 —y2? + 3ayz. (9)
This originated from the well-known Robinson’s polynomial [3]. Here DS (F') consists of a

single polynomial, {3 +2 {2ty + t2t5 + t1tot3 + t5t3, so it is trivially nonnegative, hence F' positive
semi-definite on Ri.

Problem 2. Show that the following inequality holds on R?,

1 2 1 3
(5(3:2 +y?+ ) (o +y+2) - xyz) < §<x2 +y? + z2) . (10)

In other words, show the polynomial
F=2a%—2a2% —22°2 4+ 3% + 2atyz + 32%2% — 423y — 4233
+ 3%yt + 222222 + 322 — 2ay® + 2yt + 2yt —222° +4°
— 2902+ 3y — 4P + 397t — 2y2° 4 O

to be positive semi-definite on R?. (' http://www.mathlinks.ro/Forum/topic-54136.html).
Here DS (F') consists of a single polynomial,

19 4 A5ty + 215t5 + 81113 + 8titats + 3112 + S + 121515t
+ 1283013 + 4135 + AtTt5 + 8 t3tats + 206555 + 20 t3tots + TH3ts + 16,1513
+ 36 t1t5t5 + 32ttty + 10t,t5 + 8tots + 24 ¢t + 32t5t5 + 20 tot) + 515,

so it is trivially nonnegative, hence F positive semi-definite on R?.

Problem 3. Show that the following polynomial is positive semi-definite on R,
F =a*b +b'c+ c*d + d*a — abed(a + b+ c + d). (11)

There are 24 different orders of a, b, ¢, d sorting by size. Each of the orders corresponds a linear
transformation which splits a, b, ¢, d into smaller nonnegative quantities. We implemented all
the 24 transformations by computer and obtained DS (F") which consists of 6 polynomials with
nonnegative coefficients, so it is trivially nonnegative, hence F positive semi-definite on RZ.
This problem comes from http://www.mathlinks.ro/Forum/topic-45218.html

Problem 4. Show that the following polynomial is positive semi-definite on R?,

F = 1056 m423 + 744z 75 + 11200375 + (67229 + 192 25 + 35224 + 512 23) 7}
+ (—3360w524 + 912 22 — 14403975 + 752 23 + 672 25 — 24007374 — 24007579
+ 83222 — 2880z573 — 19202475) 2% + 12242574 + 106475275 + (32025 + 20162573
— 9625 — 3456237574 + 52873 + 33127214 + 11223 + 27362514 + 20167575



+ 331222y + 33122273 + 27362325 + 2592107; — 3456297574 + 18723973

+ 20162423 — 345697374 + 34562505 — 3456237579 + 2592232222 + 12002573
+ (27362525 — 4992731y — 3T44a575 — 48002 w9 — 27847575 — 4992737

— 3264x475 + 34562715 — 43205, + 1152 252374 + 230400050, + 1152 252475

+ 2304x373 w5 + 2304707575 + 1152 w3w375 + 23047090575 + 1152 23m475

— 4608z379 + 33625 + 1248z3 + 144827 + 11445 + 4752227 + 37447323

— 5184x3ws + 41762225 — 5376408 — 48002525 + 44642223 — 585627 ws)2,

+ 1184x3wy + 528x5x3 + 384x3x] — 499273 w05 + 384xia] + 240z22% + 13205573

+ 1442375 + 10802375 + 43227 + 560z375 + 8807575 + 688x5ws + 115222

— 537623 w93 — 556873914 + 360022573 + 3024750575 — 5280747575

+ 3744x5 w55 + 3024x37475 + 3T44a325 70 — 518433757 + 2880737775

— 4512235419 — 4320252324 + 3600252477 + 388852472 + 4752107577

+ 4464707307 — 6240237505 — 5760137475 + 4752737207 + 40322357775

— 7200753475 — 6048xix2x5 48005375 + 864x5 + 122425 + 112825

+ 608x4x2 + 352 2573 + 1384x4my + 1040:1:23:4 + 6247378 + 4642273

+ 592 x5x3 3456x3:p2:p4x5 + 1152 x2x3:p4x5 + 2304x3:p2:p4x5

There are 120 different orders of x1, x9, x3, x4, x5 sorting by size. Each of the orders corresponds
a linear transformation which splits z1, xo, 3, x4, T5 into smaller nonnegative quantities. We
implemented all the 120 transformations by computer and obtained DS (F') which consists of 120
polynomials with nonnegative coefficients, so it is trivially nonnegative, hence F' positive semi-
definite on R’. This problem comes from “ http://guestbook.nease.net/read.php?user=
zgbdsyjxz&id=1118121244&curpage=36&page=2 ".

Problem 5. Show that the following inequality holds on R,

ot

a a2 a3 Qy Qs

+ + + + > . (12)
as + as as + aq agq + as as + ap a; + ao 2

In other words, show the following polynomial to be positive semi-definite on R?,

F=2 a1a3a4 + 2atazas + 2 a3a; + 2 alasas + 2atasay + 2 alazas + 2 alasal + aiasasay
— ajasazas — 3a1a2a4 — 3a1a2a4a5 +2 a1a3 3a1a3a4 Sajazas — baiazaj
— 3atasagas + 2 alasai + 2aialas + 2 atasal + 2 a1a2a4 +2aja3as +2aya3a3
— a1a§a3a4 — 3a1a§a3a5 5a1a2a4 3a1a2a4a5 + 2 a1a2a5 + 2 a1a2a3 3a1a2a3a4
— 3a1a2a§a5 — 3a1a2a3a4 + a1a2a3a5 + 2 a1a2a4 + a1a2a4a5 — a1a2a4a5 + 2 a1a3a5
+ 2 alagai + a1a§a4a5 — 3a1a§a§ + 2 alagai — alagai% — 3a1a3a4a52) + 2 aga4a5
+2 a2a5 + 2 a2a3a5 +2 a2a3a4 + aazasas — 3asasai + 2 asa; — 3azaias — Sasasal
+ 2 a2a3a5 + 2 a2a3a4 — a2a3a4a5 — 5a2a3a5 + 2 a2a3a4 — 3a2a3a4a5 — 3a2a3a4a§
+ 2 apaza; + 2 azaiai + 2 asaual + 2 adasal + 2 aza; + 2 azaiai + 2 azasal.

There are 120 different orders of aq, as, as, aq, a5 sorting by size. Each of the orders corresponds
a linear transformation which splits aq, as, as, as, a5 into smaller nonnegative quantities. We



implemented all the 120 transformations by computer and obtained DS (F') which consists of
24 polynomials with nonnegative coefficients, so it is trivially nonnegative, hence F' positive
semi-definite on R?. This is the so-called “ 5-cyclic inequality”.

Problem 6. Show that the following inequality holds on R1?,

10 10
F=Y a’—10]] ax >0.
k=1 k=1
Here DS (F') consists of a single polynomial with nonnegative coefficients, hence F' positive
semi-definite on R1%. The computation was implemented by computer.

It is obvious for any symmetric polynomial that the Difference Substitution consists of a
single member only, because all the distinct orders of the variables lead to the same polynomial.

Problem 7. Show that the following polynomial is positive semi-definite on R,
—13 — 2421 + 627 + 625 + 4rowy — 17 — 2T9x3 — 22371 — 2 2470) (71 — 29)"0%
—22471 — 21371 — 22479 + 41334 + 627 — 27 — 22973 — 25 + 623) (13 — 24)"%

)1000

677 — 23 — 2293 + 625 — 20911 — T3 — 22374 + 42470 — 22471 ) (T2 — T4
2 1000
3

— ] — 25 4+ 625 — 22371 — 2297, — 2 X374 — 20479 + 42973) (T2 — T3)
—22 + 627 — 2237) — 22479 + 622 — 23374 + 41Ty — x% — 229wy ) (24 — 21)"0%

+ (=2x471 — 21911 — 2 X374 — 2] + 675 — 2973 + 675 + drzwy — 25) (203 — 21)"0%.

This quaternary polynomial is of degree 1002 | Here DS (F") consists, however, of one member
only because F' is symmetric. And the coefficients of the single member are all nonnegative,
hence F' positive semi-definite on R%. The CPU time and RAM spent for the process are about
370 seconds and 680M on a P4 2.4G computer. So far we do not know any program else which
could do this problem as well.

3 Successive Difference Substitution
Given a homogeneous polynomial F', what can we do if the Difference Substitution of F' is not

trivially nonnegative, i.e. DS (F') includes polynomials with some negative coefficients?

For example, to prove the 4-cyclic inequality,
a a a a
L 2 . 5 4
as + as as + aq a4 + ap ai + as

> 2, (13)

we need show the following polynomial is positive semi-definite on R,
F= a?ag + a:fa4 + a%ag — a%a2a4 -2 a%ag — a%a3a4 + a%ai + alag — alagag — a1a§a4
— a1a2a3 + a1a3 — ayazaj + asay + asa; — 2a5a; + a2a3 — axa3a4 — aza3a; + axa;
+ azaj + aza;. (14)
Here DS (F') consists 6 polynomials, one of which with some negative coefficients, namely,
By = 3ty + 33 + 283ty + 133 4+ 25ty + Atitoty + 21512 + St3tgty + 452 — titots
— titol] — 2titotsty + tity + titsty + tots + Stots + Atotaty + 2t5 + 6taty + 4135,



so it is not trivially nonnegative. We can prove, however, the nonnegativity of F; on R% by
use the splitting transformations again, for instance, the following one,

t1:U1+UQ+U3+U4
tQIU2+U3+U4

ty3 = ug + Uy

tg = uy,

(15)

corresponds to the order t; > ty > t3 > t4. We implemented 24 transformations by computer
and obtained DS (F}) which consists of 24 polynomials with nonnegative coefficients, so Fj is
positive semi-definite on R%, hence F too.

Let us formally define the procedure by induction as follows.

e Given a polynomial F'; compute the Difference Substitution, DS (F).

Define DSy(F) = {F}, DS,(F) = DS (F).

If the set DS, (F') is trivially nonnegative, stop.

Otherwise, denote the polynomials in DSg(F') which are with some negative coefficients
by Fi1, Fio, -+, Fry,, compute DS (Fy1), DS (Fy2), -+, DS (Fiy,)-

Uk
Define DSj11(F) = | DS (Fi.s)-

=1

o If DSy, (F) is trivially nonnegative, stop. Otherwise, the procedure will continue.

The procedure may possibly never terminate even though the original polynomial F' is positive
semi-definite. We have a short program named SDS (Successive Difference Substitution) written
in Maple which just implements one step of the above procedure. For instance, to verify the
nonnegativity of previous polynomial (14),

_ .3 3 2 2 2 2.2 2 2 2 3 2 2
F = ajas + ajay + aja; — ajasas — 2 ajas — ajasay + aja; + aja; — a1a5a3 — 410504
2 3 2, 3 2 2 2 2 3 2 2 3
— 10205 + a103 — 1030, + a504 + a505 — 2050, + A203 — A20504 — Q20305 + Q20
2 2 3
+ azay + azay,
the input sds(sds(F)) creates an output: “The form is positive semi-definite”. We used here
program SDS twice.

Problem 8. Show that the following polynomial is positive semi-definite on R3,
H = a'y? — 2atyz + 222 + 323y%2 — 223y2% — 22%9" — 2222 + 22y22% + 22y 2 + o5,

2

The input sds (sds(sds(sds(sds(H))))) creates an output: “The form is positive semi-definite” .
Program SDS was used five times. We may use the recurrence command instead,

> for i1 to 5 do H:=sds(H) od:



Problem 9. Show that the following polynomial is positive semi-definite on R?,
F =8z 4 (82 4 6y)a2® + 2y(31y — 772)a° — y(69y* — 2 2% — 202 y2)x*
+2y(9y° + 57yz* — 85y 2 + 92%)2° + 29°2(—132* — 62z + 27y?) 2 (16)
+ 29322 (=112 + 27y)z + y*2° (2 + 18y).
The 18-step recurrence command
> for i to 18 do F:=sds(F) od:

creates an output: “The form is positive semi-definite”. This problem comes from “ http://
guestbook.nease.net/read.php?user=zgbdsyjxz&id=1118234222&curpage=35".

Problem 10. Show that the following polynomial is positive semi-definite on R?3,
F =a(a+0b)°+b(c+b)° +cla+c). (17)

This problem is different from the previous ones for each of the variables, a,b, ¢, is allowed to
be negative. According to the signs of a, b, ¢, we partition the problem into several instances to
deal with respectively. Say, if a > 0,b < 0, ¢ < 0, substitute x, —y, —z for a,b,c in F, we get a
polynomial in nonnegative variables,

fi=a(z—y) —y(—z—y)” — 2(z — 2)", (18)
which can be proven to be positive semi-definite on R? by the 4-step command,
> for i to 4 do f;:=sds(f;) od:

Other instances can be done analogously. The problem comes from http://www.mathlinks.ro
/Forum/topic-30448.html

Problem 11. Show that the following polynomial is positive semi-definite on Ri,

G = 25727553442 — 2000000023y — 6426888360232 + 300000002%y? + 531568289722 2>
—20000000xy> — 1621722090x2% + 170172209y* — 1301377672 13>z + 3553788598y 2>
— 3864133016y2> + 16117220902*. (19)

The polynomial is of degree 4 and has 12 terms only. It seems not to be a large polynomial
anyway, however, the process could not terminate until the program SDS is used for 46 times!

> for i to 46 do G:=sds(G) od:
The 46-step recurrence command creates an output: “The form is positive semi-definite”.

The method originated from a plain idea, split the variables into smaller nonnegative quan-
tities, so the polynomials to be treated with are considered homogeneous ones, that is, the
variables of the same polynomial should have equal dimensions. Although the program SDS is
applicable to all polynomials, its performance to nonhomogeneous ones is often inefficient. So
the right way is convert the given polynomial to a homogeneous one at first.



4 About Symmetric Forms

Presented in the paper is a heuristic method, not a complete algorithm. So far we cannot better
define the set of such polynomials that the program SDS can successfully apply to. Approaches
to this aspect are pending. We will, however, introduce in this section several relevant results
about symmetric forms, i.e. homogeneous symmetric polynomials, without proofs.

A form F' is called trivially nonnegative if the set DS (F') is trivially nonnegative.

Theorem 1. A symmetric 3-degree form f(xq, 29, -, x,) with f(1,1,---,1) = 0 is positive
semi-definite on R if and only if it is trivially nonnegative.

Theorem 2. A symmetric quaternary 4-degree form G(z1,xs, 3, z4) with G(1,1,1,1) =0 is
trivially nonnegative if and only if there exist 5 nonnegative numbers ay, as, as, a4, as such that
G = a191 + a292 + azgs + asgs + asgs where

g1 = 3] + 3x5 + 375 + 3w — 423 (20 + 23 + 14) — 423 (2) + T3 + 14) — 423 (21 + T2 + 14)
—4x3(z1 + 29 + 13) + 227 (25 + 235 + 27) + 225(25 + 27) + 2 575
+ 422 (2923 + D374 + Do) + 475 (2123 + T3T4 + T471) + 475 (2170 + ToTy + T471)
+ 423 (2129 + ToTs + 2123) — 2471 D973y,
g2 = 3 (25 + 15 + 23) + 23(25 + 73) + 2375 — 5 (2073 + T34 + ToTy)
- $§(!E1!E3 + 2374 + T471) — $§(!E1!E2 + 2oy + T411) — %21(!101!102 + 2913 + 1173)
+ 62122324,
g3 = 327 + 3wy + 373 + 3x] — 22 (w0 + 13+ 24) — 223 (21 + 23+ 14) — 225 (21 + T2 + 74)
— 203 (2 + 29 + x3) — 227 (25 + 25 + 29) — 225 (03 + 2}) — 2250]
+ 372 (2913 + 2374 + Tox4) + 375(T123 + T34 + T471) + 375 (1172 + ToTy + T471)
+ 327 (2129 + Tow3 + 1173) — 1201097374,
g1 = T3 (Tox3 + T3y + Toxy) + 25(2173 + T3y + T471) + l‘%(l’ll’g + Xoxy + T471)
+ 23 (2129 + w3 + T123) — 1201290374,
gs = T3 (vy + 23 + 14) + 25(21 + 3 + 24) + T3 (21 + To + 24) + T2 + T2 + T3)

— 2% (23 + 23 + 27) — 225 (23 + 23) — 22323
all are symmetric quaternary 4-degree forms.

Theorem 3. A symmetric ternary 5-degree form F(z,y,z) with F(1,1,1) = 0 is trivially
nonnegative if and only if there exist 8 nonnegative numbers by, by, - - -, bg such that

F = b1f1 -+ bgfz + e+ bgfg where (20)

fi=2® + 0+ 25 =2ty +2) =yt (o + 2) — 2w +y) +oyz(a® + P+ 2P,

fo=at(y+2) +y'(@+2) + 2 (e +y) — 2P +2%) — (2% + 2°) = (2 + o)
—2ayz(z? + v + 2%) + 2ayz(zy + yz + x2),

fa = (y* + 2) + P (2% + 2°) + 2 (® + y?) = 2ayz(a® +y? + 27,

fi= :Egyz + :Eygz + :Eyz3 — x2y22 - xy2z2 — x2y22,



fs =a° + 197+ 2% — 22ty — 22ty — 2yt — 2yte — 2200 — 220y + 2PyP 4+ 2327 +

+ 322 + 2P2a? + By? + 4dyz + dayPz + Aoy — 327y — 3ay?L? — 3Py,

fo =2ty + 22+ y'r +yte + o+ 2ty — 8adyz — Swydr — 8wy 4 62%y% 2 + 6y
+ 62y 22,

fr=2a% 4245 +22° — baty — 5z — by'r — 5ytz — 52tr — 5ty + 323y 4 32322
+ 39527 + 39722 + 32827 + 3257 + 142%y2 + May’s + 1day2® — 122%y°%2
—12xy%2* — 122%y 22,

fs=32"y+2)+3y*z+2) + 32 (z+y) — 22°(y* + 2°) — 29 (2% + 22) — 22°(2® + o?)
— ldayz(z? +y* + 2%) + 122y2(xy + yz + 12)

all are symmetric ternary 5-degree forms.
5 Conclusion

Based on a plain idea originated with nameless people maybe, we develop a heuristic to prove
polynomial inequalities, or equivalently, to decide the nonnegativity of polynomials. That
is, split the variables into smaller nonnegative quantities by so-called difference substitution,
then, collect the terms and see whether the coefficients all are nonnegative. The theoretical
approach is at the beginning; however, the method was illustrated to be efficient sometimes by
experiential results.

There are various packages for real algebra such as REDLOG [2], QEPCAD [1], BOTTEMA [4]
and DISCOVERER [5] which may be applied to inequality-proving in automatic mode, but none
of them managed to prove inequalities with more variables and higher degrees like those in
problem 4 and problem 7.

Moreover, the method of difference substitution employs a little mathematics only, so it can
be understood and accepted much more easily.
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