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1. Summary and the Purpose of This Study

This research paper presents a new model of polynomialsin two variables. By
making a computer program of this model we can find many characteristics of
polynomials, for example, Pascal's triangle, remainder theorem and many
unexpected characteristics of polynomials.

The purpose of this study is asfollows:
1)Giving anew model of polynomials
2)Showing many characteristics of polynomials by this model
3)Analyzing an educational effect of using this model

2. A Model of Polynomials in Two Variables

At first we think about a progression {a ;;} for the polynonia
Z a;;x y and arrange a
{a;;} tothe flat. For exanple, coefficients of polynomial 3x?y -
4xy? +2xy +4 are arranged
as follows.(fig.1) Axis of abscissa neans degree of x and axis of
ordi nates neans degree of vy.
In the case of symmetrical polynom al, we see nunbers are arranged
symmetrically like in fig.2
and symmetrical axis is diagonal line.(i.e. y=x) In regard to the
al ternating pol ynom al s,
each sign of coefficients is opposite between the two sides which
is separated by the |line y=x.

(fig.3)
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2-1. Multiplying Monomials
For exanple, 3x?y -4xy? +2xy +4 nultiplied by x?y is 3x* y? -
4x3y3 +2x3y2 +4x%y. W can



explain this process by using this nodel. 1In this nodel 3x2y -4xy2
+2xy +4 noves 2 steps

toward the axis of abscissa and noves 1 step toward the axis of
ordinates. (fig.4(2)) In other
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words, multiplying a nonomial in which coefficient is one neans a
paral l el translation of these

nunbers. Miltiplying ax'y' means mul tiplying ajj to the coefficients
after parallel translation.

Fig.4(3) is in the case of a=2.

2-2. Multiplying Polynomials

For exanple, fig.6 nmeans x?y+x2+x +1 multiplied by x?2 and fig.7
means x2 y+x? +x +1
multiplied by xy. By using these nodels we can get an answer of x2
y+x? +x +1 multiplied by

(x?+xy) fromfig.8. In this nodel multiplying a polynonial nmeans
the sum of sone noved nunbers.
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2-3. Division of polynomials

In fig.9 we think about f(x,y)/g(x,y). At first we elimnate
xyg(x,y)fromf(x,y). Then we can get a polynom al of (2). Next we
elimnate xg(x,y) fromthe polynonial of (2). Then we can get a
pol ynom al of (3). Lastly we elimnate g(x,y) fromthe polynom a
of (3) Then we can get a polynomal of (4). (i.e.0) By using
expression this process is represented as foll ows.
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i F(x,y)-xyg(x,y)-xg(x,y)-g(x,y)=0
*Tf(x, y) =(xy+xg+1) g(x, y)

This means the quotient of f(x,y) divided by g(x,y) is xy+x+1
and the rest is 0. GCenerally,
dividing f(x,y) by g(x,y) nmeans elimnating sone shifted g(x,y)s.

Next we think about a division f(x,y)/g(x,y) in which the rest
is not 0. For exanple, let f(x,y) equal x%y+xy?+x%+xy+y?+x+y+1 and
g(x,y) equal x+y+l. We can think of two ways for eliminating
shifted g(x,y)s.(fig.10,11) In fig.10 we elimnate shifted g(x,y)s
so that the
degree of y may be low and in fig.11 we do the sane so that the
degree of x may be low. Well, an operation in the case of fig.10
means a followi ng division (1) which is arranged by y. And the
other nmeans a follow ng division(2) which is arranged by x. These
results will present that the quotient and the rest of division of
porinomials in two variables are not unique.
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2-4_. Pascal®"s Triangle
Fig.12 presents a result of calculations x+y, (x+y)? (x+y)3and

(x+y)3.  For exanple

process (2)to (3) is presented by fig.13(See the mddle part).
arrangenent of {1, 2,1}

separates into two directions(x(x+y)? and y(x+y)?) and generates an
arrangenent {1,3,3,1}. In

the sane way we can think of changes of arrangerment {1,3,3,1} to
{1,4,6,4,1}. So this nodel

gives a new interpretation to Pascal's Triangle and we can think of
Pascal's Triangle froma

new poi nt of view by this nethod.

An
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2-5. Remainder Theorem

O course we can apply this nodel to the polynomals in one
variable. For exanple, let f(x)
equal x3+3x2+4x+9 and g(x) equal x+1. Then we can think of the
result of dividing
f(x) by g(x) as follows. (fig.14)
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So if we substitute -1 for x then the value in the place above
surrounded by the dotted |ine
will be 0 and we can get the rest of division wthout division
(i.e.7) This is a new account
of the remainder theorem

2-6. '"Conjugate Polynomial"
At fig.15 below there are polynonials in which figures and the
arrangenent of nunbers are



the sane. W will call these polynonials "conjugatepol ynom al" for
the tine being. The eight

pol ynom al s bel ow cannot be put upon each other. Generally, there
are eight different types of

conj ugat e pol ynom als which are conjugate with the F(x,y).
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There are common characteristics in the polynonials which are
conjugate with each other. At

el | -
5) ﬂ h -

glxy)
F(zy) G (x,y)

fig.16, let F(x,y) be conjugate with G(x,y). If F(x,y) has a
factor f(x,y), then G x,y) also

has a factor g(x,y) which is conjugate with f(x,y). So we can
understand the follow ng

propositions clearly.

Proposition 1

Let F(x,y) not have the factor x and y, and be conjugate with
Gx,y). If F(x,y) is

reduci ble, then G x,y)is reducible too.

Proposition 2

Let (x,y) not have the factor x and y, and be conjugate with
F(x,y). If F(x,y) is

i rreduci ble, then G(x,y) is irreducible too.

For exanple, F(x,y)=x3+y3-3xy+1 is factorized into (x+y+1)(x%+y?
xy-x-y+1) and  x,y)
=x3y3- 3x%y%+x3+y3 is factorized into (xy+x+y) (x%y2-x2%y-xy2+x?+y%-xy). In
this case F(x,y) is
conjugate with G(x,y) W can see that x+y+l1 is conjugate with the
Xy+x+y and x2+y2-xy-x-y+1
is conjugate with x2y% x%y-xy2+x2+y2-xy. (fig.17)
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2-7. fixy) and = (£ x, % y)
We know that if f(x,y)is irreducible, then f(-x,y) is also
irreducible. Simlarly, f(x,-y),
f(-x,-y), -f(x,y), -f(-x,y), -f(x,-y) and -f(-x,-y) are also
i rreduci ble.(fig.18)
So if f(-x,y) is irreducible, then seven polynonials which are
conjugate with f(-x,y) are
also irreducible. Cenerally if f(x,y) is irreducible, then
fiZ(% % & — 1lltypes of pol ynonials
are al so irreducible.
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2-8. '"Line Polynomial™
We will call the polynom al in which coefficients are arranged

inline "line polynomal"

Then the product of |ine polynom als which are paralleled each
other is also line polynom al

(fig.19) But the product of line polynonials which are not
paral | el ed each other is not |ine

pol ynom al . (fig.20)
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2-9. "Triangular Polynomial"
W will call the polynomial in which coefficients are arranged
inthe figure of triangle
“triangul ar polynom al". Then the product of triangul ar
pol ynomi als in which each side is
parallel is also triangular polynonmal.(fig.21)
fig.21
4 4 4
3 3 3 |
2 LA 1 = 1 2 2
1 1 1 If 1)1 | 41 3
ogply 1)1 o Ly 1) 1f1]1 0 il 3 1
D1 2 34 548 01 2 3456 01 2 3456

2-10. "Square Polynomial™

W will call the polynomial in which coefficients are arranged
in the figure of square
"square polynom al" Then the product of square polynonials in
whi ch each side is parallel is
al so square pol ynonm al . (fig.22)
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2-11. *“Line Symmetrical Polynomial™

W will call the polynomial in which coefficients are arranged
symmretrically like in fig.23
"line symmetrical polynomial". Then the product of line
symetrical polynomal in which axis
is parallel each other is also |ine symetrical polynomal.(fig.24)
We know t hat the product
of symmetrical polynomials is symmetrical and axis is a diagona
line.(i.e. y=x). So we can
see symmetrical polynonmial is the special case in the |line
symmetrical polynom als



fig.23
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2-12. "Point Symmetrical Polynomial"’
W will call the polynomial in which coefficients are arranged

symmetrically like in fig.25
"point symretrical polynonial"
symmetrical polynomal is also point

Then the product of point

symetrical pol ynom al
fig.25
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2-13. Product of Polynomials Which Are Located Line Symmetrically



Each Other
Fig.26 presents that the product of polynonials which are
| ocated line synretrically is
line symmetrical polynomal. Simlarly the product of polynonials
whi ch are | ocated point
symmetrically is point symretrical polynomal.(fig.27)
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3. Instruction

| taught the students in nmy class the polynomals by using this
nodel . In this chapter we
consi der an instruction and an educati onal effect.

3-1. CAlI(Computer Assisted Instruction)Program

| wote a conputer programin BASIC. 1In this programwe can
i nput coefficients of two
pol ynom al s(f(x,y) and g(x,y)) separately in the formof this nodel
by using a mouse. (fig.28
(1),(2)) The upper limt degree is 30 in both x and y. After these
i nputs these two
pol ynom al s are shown on the conputer display in different colors
and we can nove pol ynom al
g(x,y) toward the axis of abscissa or toward the axis of ordinates
by key operation.(fig.28(3))
When the nunbers of f(x,y) and g(x,y) are doubled in the sane
frame, then these nunbers are
shown together in one frame.

Next we can sel ect one operation fromaddition, subtraction and
product between f(x,y) and
shifted g(x,y). Then the conputer gives an answer of cal cul ation
of these polynomials in this
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nodel form (fig.27(4)) After this the conputer redefines the
result of calculation as f(x,y),
and shifted g(x,y) is shown just as it is. Then we can calcul ate
the operation of f(x,y) and
shifted g(x,y) one after another

By using this programwe can see above-nentioned characteristics
of polynom als. Sone
characteristics cannot be found on the paper cal culation

3-2. Instruction by Using This Program
| taught the students(tenth garader) the polynom als by using
this program The students
were interested in finding unexpected characteristics of
pol ynom als. Some students input
coefficients of polynomals in the figure of letter "A" and
cal culated "A"2 (fig.29) The
abstract of there inpressions of this | esson were as foll ows.
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‘I was surprised that there are some mathematical regul ations
whi ch are found only by the

conput er.
‘It is a beneficial lesson for ne. | think mathematics is a
profound science. It was a

wonder ful experience.



‘It is interesting that polynom als are represented such as
rectangles. It is like a puzzle.
I think nmathematics has an infinite expanse.

‘Cal cul ation of polynomials is troublesonme. But | can calcul ate
easily by using this program

By using this program students who dislike mathematics can
under st and mat hemati cs.

‘I could find many unexpected characteristics of polynomals. |
aminterested in using a
nodel in mathematics.

-Mat hematics is an interesting science!l | have had a new
appreciation of it. | have gained
a lot of new mat hemati cal know edge by using this nodel.

‘It was a delightful tine for me. | think this program can
pronot e our understanding. This
is a good progran

‘I had a wonderful experience. Now | amnore and nore interested
in mathematics. Thank
you!

4_ Conclusion

We have seen nmany characteristics of polynomals so far. They
cannot be found only by
paper cal culation. This nmodel brings sonme unknown characteristics
of polynom al s.

In ny instruction there was an educational effect on the
students by using this nodel.
Students' inmpression shows that a proper nathenatical nobdel can
pronote nmany interests.



