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Abstract: In “Turtle geometry” there is a graphic cursor (the “turtle”) that obeys elementary orders related to the
position and orientation of the turtle itself: move forward, move backward, turn right and turn left. That is, graphics
are not based on a classic Cartesian reference system. Turtle Geometry is best known for its incorporation into Logo
language. As monitors had no graphical capabilities in the 1960s, the movements ordered to the turtle from the first
Logo versions were carried out by electromechanical devices connected by cable to the computers. After a great
success in the '80s and' 90s Logo has fallen into disuse, but there are also very modern visual computer languages
based on the use of “blocks” for programming such as Scratch and Snap! Moreover, nowadays there are affordable
programmable robots that use Turtle Geometry. Summarizing, wonderful powerful software and hardware that use
Turtle Geometry, appropriate for teaching mathematics are available in 2021.

1. Introduction

The author has taught mathematics with ICT in teacher training programs since the late 1980s
using computer languages including implementations of “Turtle Geometry”. He has also developed
implementations of Turtle Geometry for different computer languages (e.g. Maple’).
In Turtle Geometry (also known as “Turtle Graphics™) there is a graphic cursor (the “turtle’) that
obeys elementary orders related to the position and orientation of the turtle itself. They are:

e move forward,

e move backward,

e turn right, and

e turn left.
That is, graphics are not based on a classic Cartesian reference system, and, consequently, the list
of commands required to draw a certain pattern neither depends on where the pattern is to be
allocated nor on its leaning. Another advantage with respect to working with Cartesian coordinates
is that the trigonometric calculations regarding positioning are performed internally.
The Turtle Geometry applies constructionist ideas [1] and its range of possibilities is absolutely
impressive, as can be seen in the seminal work [2].
Turtle Geometry is best known for its incorporation into Logo language [3]. For example, the image
of Figure 1.1 is generated in Logo by typing FORWARD 200 RIGHT 90 FORWARD 100.Many
regular and repetitive geometric designs (for instance some fractals) are very easy to program in
Logo. A simple example can be found in Figure 1.2.
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Seymour Papert co-founded the MIT Artificial Intelligence Laboratory with Marvin Minsky in the
early 1960s and Logo was introduced in 1967. It was a very powerful language that incorporated
the latest trends: it was procedural and recursive, it handled lists, etc.

—

Figure 1.1 A Logo very simple drawing.

Figure 1.2 Drawing a regular hexagon and its three diagonals (that is, its six radii) in Logo is very
simple nesting two REPEAT iterative loops (this way six equilateral triangles are drawn sharing a
common vertex): REPEAT 6 [REPEAT 6 [FORWARD 200 RIGHT 120] RIGHT 60]

Meanwhile, “turtle robots” or “tortoises” were autonomous robotic creatures introduced by Grey
Walter in the late 1940s [4,5]. As monitors had no graphical capabilities in the 1960s, the
movements ordered to the turtle from the first Logo versions were carried out by electromechanical
devices connected by cable to the computers [6,7].

After a great success in the '80s and' 90s Logo has fallen into disuse, although there are exceptions
like [8].

Nevertheless, there are nowadays very friendly and powerful free versions available, such as
FMSLogo [9] (used for drawing Figures 1.1 and 1.2) and UCB Logo (Berkeley Logo) [10]. A



detailed comprehensive list of Logo language implementations, mentioning more than 250 dialects,
can be found in [11].

2. Present situation (software)
Apart from Logo, there are very modern visual languages based on the use of “blocks” for
programming that base their computer graphics upon Turtle Geometry, like:
e Scratch [12], a project of the Lifelong Kindergarten Group at the MIT Media Lab (Figure
2.1), and
o Snap! [13,14], presented by the University of California at Berkeley (Figure 2.2). Although
less well known than Scracth, it has some advantages like the existence of a REPORT block
that allows to easily implement recursive procedures.

Figure 2.1 Drawing the regular hexagon and its three diagonals of Figure 1.2 with Scracth 3 (in
Spanish).

The use of blocks (that are grouped in “categories”, with different colors in Scratch and Snap!) has
advantages for beginners with respect to traditional programming. For instance:

e the end user doesn’t have to remember the names of the commands as he/she only has to
look for them in the corresponding category (that is intuitively chosen) and drag and drop
them in the right position in the “programming window”,

e the colors help to identify the different types of commands,

e loops are clearly visible, without having to “indent” the code (Figure 2.1),

°« ...

An expert programmer types faster than dragging and dropping blocks, but that is not the goal of
these computer languages.



Figure 2.2 Drawing a row of square tiles with Snap!

A sophisticated example of the use of Turtle Geometry to draw fractal trees related to the spread of
virus by this author (intended to visually explain it to children and to raise their awareness) can be
found in [15] (Scratch 3 version, see Figure 2.3) and [16] (Maple version, implemented on the
Turtle Graphics implementation [17]).
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Figure 2.3 A figure illustrating virus propagation drawn with Scratch 3.



3. Present situation (hardware)

Nowadays, with the downsizing and cheapening of electronic chips, affordable programmable
robots that use Turtle Geometry are available.
Already back in 1979 Big Trak was introduced. It was a six wheels programmable tank that moved
using a reduced version of Turtle Geometry [18].
Much more recently a programmable car named Pro-Bot (Figure 3.1), incorporating a very close to
Logo’s implementation of Turtle Geometry was introduced. It has a display showing the program, it
has connectivity with computers, it incorporates sensors, etc. [19]. It is very well suited for Primary
and Secondary Education.
There are other similar programmable robots with a much simplified version of Turtle Graphics
incorporating keyboards without letters or numbers. Four arrows (1, «—, —, |) indicate Forward,
Left, Right and Backwards, respectively, but they have no numerical input. Movements are
restricted to 1 step forward or backwards and turns are restricted to 90 degrees clockwise or
counterclockwise. For instance, a path like that of Figure 1.1 can be programmed typing:

TTrr—=11.

Therefore they are well suited for Early Childhood Education and can be used by children that still
can’t read and write but can count. Examples are Bee-Bot/Blue-Bot [20] and Code & Go Mouse
(Figure 3.2).
These hardware somehow take us back to the early times of the mechanical turtles.

Figure 3.1 The keyboard and screen of Pro-Bot.



Figure 3.2 The keyboard of Code & Go Mouse.

4. The formal attitude with respect to the use of technology in the mathematics

class

The CEMAT (Comité Espanol de Matematicas —Spanish Mathematics Committee) has recently
published a comprehensive report about the Primary and Secondary School mathematics curricula
[21]. The need to connect teaching mathematics with programming as a positive synergic
experience in problem solving is underlined ([21], p. 5). Although neither specific computer
languages nor computer systems are explicitly mentioned, the use of different technologies such as
graphic calculators, spreadsheets, dynamic geometry systems (DGS) and computer algebra systems
(CAS) is recommended ([21], p. 15). In the more informal interview to some of its authors [22], the
use of Scratch or Smap! in the mathematics class at Primary School level is specifically
recommended
According to my experience, the authorities and the experts in Spain recommend the use of ICT but
its use is not generalized and, when used, they are many times underused (for instance some
Spanish high school textbooks propose to use the DGS GeoGebra to plot functions and perform
some computations, but neither propose to use its dynamic geometric capabilities nor its computer
algebra ones). My experience, after speaking with colleagues from different countries, is that the
situation is not very different elsewhere.

5. The goal of this work. Our experience
I have thought for a long time that it is a pity to forget about using Turtle Geometry for
mathematics teaching just because it is supposed to be outdated old stuff. This work gives a brief
introduction to Turtle Geometry and a panoramic view of its present possibilities. The goal of this
work is to try to convince the reader that modern Turtle Geometry implementations deserve a place
in the set of useful pieces of software for mathematics teaching.
We have studied different aspects of Turtle Geometry and mathematics teaching:
e Regarding the effect on skills acquisition, we carried out an experience along three
consecutive academic years about the effect of working with the Turtle Geometry (using
Scratch 2) in the learning of geometric concepts of future Primary School teachers [23]. It



took place with students of the Universidad Complutense de Madrid and the experimental
study carried out showed an improvement on both the academic performance as well as the
student satisfaction. This was an extensive study, involving several teachers and 366
students.

e Another study about the attitude of 27 students of a Master's Degree in Secondary Teacher
Training regarding their preferences: using computers versus using programmable robots
(Scratch 3 versus Pro-Bot) in their future work as teachers was detailed in [24]. The future
teachers were really enthusiastic when working with the robots, in contrast with what we
could qualify as normal interest in Scratch. But, curiously, the showed in the polls a clear
preference for teaching using traditional hardware (possibly due to a lack of self confidence
in the use of the new hardware). [25]. There are many articles about the use of robots in
STEM, like the well-known [26,27], but we haven’t found a similar one, about device
comparisons.

e A possible use of Turtle Geometry to visualize abstract processes has been already
mentioned in Section 3 (virus propagation). Spanish versions of the tale and video about a
cat that propagates a virus (illustrated with images generated by Scratch 3) are available
from the Instituto de Matematica Interdisciplinar (IMI) web page [28]. The English version
of the tale (illustrated with images generated by Maple) can be found in Mapleprimes web
page [29]. The good reception of these tales gave rise to the already mentioned articles
[15,16].

Summarizing our experience with Turtle Geometry, it offers a very appropriate and comfortable
environment for certain specific tasks (teaching some geometry concepts, illustrating fractals-
related issues, etc.) on different kinds of devices.

6. Conclusions

There are fashions in the world of mathematics teaching too. For instance, Euclid’s The
Elements was the standard textbook at the Victorian period in England, a didactic approach
opposite to that of “modern mathematics”. But there are no unanimous opinions on these topics:
consider, for example, the recent attacks against the reform-based curriculum in the Netherlands
described in [30].
Moreover, some ideas that are considered “modern” are older than expected. For instance,
“recreational mathematics” are probably best known thanks to Martin Gardner’s works, like those
in the “Mathematical Games” column in Scientific American [31], but there are also very
interesting earlier works such as [32] (an extensive collection of problems, many of them reprinted
from magazines and newspapers of the time). Recreational mathematics could have a much active
role in the curriculum, as they provide a wide variety of strategies for solving mathematical
problems. Many of them can be solved and/or checked using mathematical and computational
techniques in fruitful synergy.
Turtle Geometry is suffering an unjust purgatory of oblivion, despite the arrival of these mechanical
devices that somehow close the circle sending us back to the tortoises of the origins of Logo.
Wonderful powerful software and hardware that use Turtle Geometry, and are appropriate for
teaching certain mathematical issues, are available in 2021.
In my opinion, Turtle Geometry adapts very well to theories for mathematics education such as
Realistic Mathematics Education [33], which six principles have been recently reformulated as:
activity principle, level principle, intertwinement principle, interactivity principle and guidance
principle.



Summarizing, as final conclusion of this work: despite the success of the (many times underused)
DGS GeoGebra, the scarce use of CAS and the oblivion of Turtle Geometry, I believe there is
place for the three of them in mathematics teaching. There are nowadays very interesting
implementations of Turtle Geometry on different hardware that worth been used for mathematics
teaching. I hope I have convinced the reader that Turtle Geometry shouldn’t be obliterated.

I would like to finish with a paragraph of the 1868 book Cuentos del dia (Tales of the day) by the
Spanish writer Ventura Ruiz Aguilera:

From the old, we will keep all the sacred, everything
beautiful and everything useful and applicable to the
construction I propose... Everything else, out! Old,
Jjust for being old, does not deserve even a tear.
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