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Abstract. The capabilities of graphing calculators are changing the way we teach as well as the content and
scope of what is taught in basic mathematics. In the United States, following recommendations of the NCTM
Standards, recursive procedures, traditionally excluded from pre-college mathematics, began to appear at
different levels from elementary to introductory college courses. The ability to i) repeat an instruction or a set of
instructions with a single keystroke, ii) to make the output of a calculation the input for the next, and iii) to be
able to stop and analyze or modify an iterative process provides a tool of great interest from both the
pedagogical and the practical point of view. At the elementary level modern elementary calculators, allow to
easily define constant operations that can be used to discover patterns, to reinforce basic facts via the "guess and
check” approach, to investigate the relations between basic operations or even their rate of growth, etc. It is
however at the secondary level where recursive procedures, accessible via graphing calculators, have the
potential for a major impact. In this presentation we show examples from different mathematical areas to
illustrate (i) some recursive procedures, that can be easily implemented without programming, (ii) associated
powerful mathematical models traditionally taught in upper levels to a selected group of students and now
accessible at lower levels to most students, and finally (iii) how recursion, in some cases, provides an alternative
problem solving approach less dependent on readymade formulas.

I. Introduction
For many decades, the teaching of mathematics had few changes in content or methodology.
During the last twenty years, however, technology has been having an impact in the
mathematics classroom at different levels; this is due, mainly, to two key developments. On
one hand, the advancements in computer algebra systems such as Mathematica, Maple,
Derive, Matlab, that paralleled the dramatic increases in the speed and memory of personal
computers, are having an effect on the workplace and upper level university studies. On the
other hand, scientific calculators were replaced in 1986 by the first generation of graphing
calculators which included numerical and graphical capabilities. The second generation of
graphing calculators with true symbolic capabilities was born ten years later. These
calculators, relatively inexpensive, sturdy and portable, have been finding their way into the
classroom. In the United States, the initial endorsement for the use of computers and
calculators in the mathematics classrooms appeared in the Curriculum and Evaluation
Standards for School Mathematics (NCTM, 1989, 1991), and was later followed by other
mathematical societies (MAA, 1990; AMATYC, 1995; NCTM 2000). The integration of this
technology in the teaching and learning of mathematics is promoting changes not only in the
way we teach and asses, but also in the content and scope of what is taught in basic
mathematics. Some of the premises that in the past guided the selection of topics and
algorithms traditionally taught are no longer valid. Thus, iterative and recursive procedures
that were excluded from school mathematics when programming was not required, began to
appear in new books at different levels, from elementary to introductory college courses.
From the beginning, the new high school curricula developed in the nineties (Core-Plus
Mathematics Project, 1996, 1998; The University of Chicago School Mathematics Project,
1992; The North Carolina School of Science and Mathematics, 1992) as well as new



textbooks at the pre-college (Brown, 1992) and college levels (Ferguson, 1994; The North
Carolina School of Science and Mathematics, 1996) included examples of iterative and
recursive procedures and models whose solutions require the use of recursion. If in addition
we consider that the price of hand-held graphing technology (HHGT) has since decreased
while their capabilities have improved considerably, one might expect that fifteen years later,
iteration and recursion would be a well established tool in precollege mathematics. However,
our analysis of a large sample of precalculus textbooks in the last decade including the best
sellers at the time (Quesada and Renker, 2008), showed that very little is done with iteration
and recursion among other HHGT capabilities; at the same time that the preparation in this
topic of pre and inservice teachers does not seem to be at the needed level (Quesada and
Dunlap, 2011). In the USA, an increasing number of college graduates, particularly in the
sciences and engineering, are expected to be familiar with a growing number of new
technologies and of software packages and computer algebra systems; often, the fast pace of
these changes, makes difficult to properly measure their impact, and to learn the best way to
integrate them.

Although graphing calculators such as the T1-84 include sequential functions, we will see that
it is also possible to use iteration and recursion from the Homescreen thanks to two basic
facts. The first is the ability to repeat an operation with a single keystroke, which is the basis
for iteration and has long been present in four-function calculators. It should be noted that, as
it will be seen in the examples, graphing calculators allow us to repeat a set of operations
juxtaposed with colons. Elementary calculators such as the TI-Explorer Plus, and the TI-73,
allow for the definition of up to four constant operations that when used iteratively, provide a
mechanism to discover patterns, to review basic facts via the "guess and check™ approach, to
investigate the relations between basic operations or even their rate of growth etc. Clearly,
iteration is an interesting tool from both the pedagogical and the practical point of view.
Secondly, being able to make the output of a calculation the input of the next makes recursion
accessible to anyone with a simple graphing calculator such as the TI-84. In addition, the
ability to manipulate different data types (such as matrices and lists) and to perform
complicated operations with a single keystroke facilitates the introduction at the secondary
level of important models relevant to business and industry that in the past were taught in
upper level college courses.

In the past (Quesada, 2007) we have used two criteria in order to decide if a mathematical
model or tool should be considered to be taught at a particular level. First, one should
evaluate how useful is the model or tool considered, in light of the variety and importance of
applications that it can be used for. Secondly, one should establish how accessible is the
degree of complexity of the concepts and calculations needed for the level where the model is
going to be taught. To illustrate that iteration and recursion satisfy these criteria, in this note
we present several examples from different areas of mathematics and for different students'
levels, that exemplify: (i) iterative and recursive procedures, as well as, recurrence relations
that can be easily implemented without programming, in the Homescreen; (ii) the existence
of associated powerful mathematical models, traditionally taught in upper levels to a selected
group of students, that become accessible at lower levels to most students; and finally, (iii)
how recursion, in some cases, provides an alternative problem solving approach less
dependent on ready-made formulas.

The syntax used in the commands and the screens provided in all the examples correspond to
a Texas Instruments TI-Nspire, but they can be equally implemented on simpler calculators
such as the TI-84. The screens included, sometimes in excess, will hopefully remove any



doubts in reproducing the solutions provided. We make the convention of denoting by Figure
i.r (i.1, i.t, i.b) the right (left, top, bottom) side of figure i, when the figure is split accordingly.

A recursive procedure can be introduced as a repetitive process in which in each step, the
input value for any variable(s) is the output value(s) of the variable in the preceding step.
Therefore, any recursive procedure starts by assigning initial values to the variables involved;
this first step is called the initialization. After that, all is needed is the “command line,” which
consists of a command or a sequence of commands concatenated by colons, specifying how
each variable changes. In some cases, recursion can be seen as the “divide and conquer”
approach. This is the approach in which the solution to a problem is stated in terms of the
solution to the same problem with smaller size. For example, finding »! is the same as first
finding (n-1)! and then multiplying this result by ». That is, the solution to the larger problem
is expressed in terms of the solution to a smaller one.

We have selected different areas in mathematics and one or more examples within each area,
to illustrate the use of recursion in number theory, convergence, modeling, and solving
equations.

1. Applications to Number Theory
Number Theory is a rich area for iterative procedures. In our first example we have included
a couple of representative algorithms, the first of which we have used to introduce the process
of recursion for pedagogical purpose, since students are familiar with the recursive definition.

Example 1. Write a recursive calculation of a!,a €0 U{0}, in the Homescreen.
Solution. The factorial of a non negative integer a is defined recursively by

. 1 ifa=0,1
"~ a(a-1), ifa>1

As seen in figure 1.1, both the variable « representing the current value, and the variable f'that
stores the result, are initialized with 1. The second statement is a description of how the
variables are modified using as input the output of the previous step, followed by a list with
the two variable names. Using the list allows for the value of both variables to be displayed at
each step, for otherwise only the last value calculated will be displayed. Each time the
students hit the enter key, the commands contained in the “command line” are executed and
the value of the number in turn with its factorial are displayed.

When solving equations graphically, knowing the relative rate of growth within and between
families of continuous functions helps to recognize the existence of hidden solutions. Hence,
it is important to make students realize how fast the factorial function grows, and having
them comparing and contrasting their growth with that of the other continuous functions they
are familiar with.

Our second example deals with the calculation of a square root using continuous fractions.
This is a topic long gone from the curriculum, but a good example for recursion that some
added interest now that the algorithm to calculate the square root has disappear from the
curriculum.

Example 2. Find /39 using continuous fractions.



Solution. Let x =+/39, then x> —36 = 3, hence (x-6)(x+6)=3, and it follows that

KB4 =64 g — 64 33 64 33
R G R T I L
x+6 12+ 12+

x+6 x+6

As figure 1.r illustrates, the implementation in homescreen is obtained by first initializing the
variable Ans with 6, and then letting Ans take the place of x, i.e., writing

6 [Enter]

6+ |l?nter"l?nter|-~|l?nter|
Ans +6
0-al-f{af} {o.,1.} e 6. ¢
a+l-aif a=f{af} {1.1.} > 6.25
a+loaf a~flaf} {2.,2.} 6.+6
a+loaf a~f{af} {3.6.} o> 6.24489795018
atl—a,f a—»f{af} {4 24, } 6.25+6
a+tl-af a>flaf) {5.120.} ||, 3 6.245
o+l af a-flaf) {6,720 } 6.2448979591837+6
a+i—af a~f{af} {7.,5040.} | g3 6.24499795835
a+1-ayf a=f{ayf} {s.40320 } 6.245+6
a+tl-af a=flaf) {9.362880.} ||| 64 3 6.2449979992
tloaf asflaf) (10, 3628500, } 6.2449979583504+6
atl-af a—»f{auf'} {11.,39916800.} &4 3 6.24499799838
a+l=af a~f{af} {12.,479001600. } 6'2449972991997+6 P Ver—
a+loaf a~f{af} {13.,6227020800. } | || &4 '
6.2449979983824+6
a+lsaf a~f{af} {14.,87178291200. }
3 6.2449979984
6
a+l=af a=f{af} {15.,1.307674368€12 } PP ———
: ') 6.2449979984
|
[ &
16/99 10/99
Figure 1

On Convergence

Many of the important ideas from calculus arise from approximation problems, and the key
concepts are better understood using convergent sequences that, as the next example
illustrates, can be easily calculated via iteration. In the past we have consistently found
students in the Advance Calculus course capable of calculating traditional limits, but lacking
the basic conceptual understanding. We have conjectured that this may be the result of not

exposing these students to a numerical approach for determining limits.



In this section we show examples to illustrate that recursion can be used to rapidly analyze
the local and global behavior of a function.
[x-2]

N3-r

Solution. With precalculus students that have not had much numerical experience, we have
found it advisable to start analyzing numerically the behavior of functions near a given value
using sequences that converge to the value from the left and from the right via the Table.

Initially, as seen in figure 2.r, we use fast sequences such as p+10™". later on, we ask

students to use slower sequences such as p+2™". It seems that this arbitrary approach to a

given real number from either side, so easy to implement now thanks to the data type Table,
helps students to better grasp the ideas of approaching to a given value.

Example 3. Explore the behavior of f(x) = asx — 2.
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Figure 2

Students seem to have no difficulty using the table to analyze the behavior of a function at a
given value a, by observing the successive values of the function for each term of these
sequences converging to a from either side, as seen in Figure 3.r. It is always important to
call the students’ attention to the fact that the graph of this function (Figure 2.1) seems to be
continuous at 2, yet this value is not in its domain.

Once students have had enough "hands on™ experience using the Table, is easy to introduce
the use of a recursively defined sequences to analyze the local behavior of a function. For
convenience, as seen in Figure 4, instead of approaching 2 first from one side and then from
the other, we have chosen to display, via a list, the two sequences f(2+10") obtained when

x — 2 from both sides.

Our next example deals with the global behavior of a function.

. . 2x-3
Example 4. Investigate the behavior of f(x) =———as x — *x.
\V3x*+5

Solution. To study the global behavior of f(x) as x approaches infinity, we let x take on the
terms of any divergent sequence. Figure 3.c shows that, in this case, we have chosen



i{lO"}.The students can compare their answer with the decimal value of the closed form

solutions i2/\/§.

Ix—2]

|\||3*I 71|

Define j(x)z

Done

1l—n

1.

L {j{2—n)|f(2+n)}
10

{2.04880884817,1.94868329805 }

SLCEEN n {;’(2—:?),]{2+n) }
10

12.00498756211,1.99498743711 }

SLCHEN n. {;’(2—:?),]’(2+n) }
10

{2.00049987491,1.99945987493 }

SR . {;{an),f(2+n)}
10

{2.00004999725,1. 99994909885 }

SR . {f(2*n),f{2+n)}
10

{2.00000500001,1.99999500001 }

SLCRN " {f(Z*n),j{2+n)}
10

{2.0000004,1.99999948 }

SLCEEN " {j{2—n),f(2+n)}
10

{z.2.}

9/99

Figure 3

In Figure 4.1, the students can see that the graph of the function approaches the horizontal
asymptotes y =+2/~/3. The middle column in the table (Figure 4.r) shows that

asx — o (2/+/3) = £(x) — 0, confirming

numerically

the function approaches

arbitrarinZI\@ asx — oo, Finally, after initializing », the command line that is iterated
consists simply in multiplying » by 70 and evaluating the function at the new value of »

obtained (Figure 4.b).



6.74 Ty X W ¥ f7(x):= v
(4 (3*x72 -(2*x=3)( 4 (3*
100. 28526048 0.017415277899 -1.137285260...
1000. 96752677 0.001733011613 -1.152067526...
10000, 52732368 1.732147017€-4 -1.154527323..
£5(x)= = : X 100000. 68321778 1.73206042e-5 -1.154683217..
10 ! 10 1000000. 69880633 1.7320517€°6 -1.154698806...
- Fafx)e 22 10000000, 70036517 1.73205€-7 -1.154700365..
[5 1245 100000000, 70052106 1.73205€-8 -1.154700521 ..
1000000000, 70053665 1.7326°9 -1.154700536...
7 10000000000, 70053821 1.7326-10 -1.154700538...
= 100000000000, 70053836 1.73e-11 -1.154700538..
Define fx)= 27> Done 1.61270053838 1.7e-12-1.154700538..
|3 x%+s
l—-n 1.
n 10— nifn) 0.973417168334
n 10— n:fn) 1.13728526048
n 10— nmfAn) 1.15296752677
n 10— nfn) 1.15452732368
n 10— nfn) 1.15468321778 5
10— nifln) 1.15469880633 vlf‘;’(x):: (2 x-3)
117901 3 x%+5 [4]»

Figure 4

A word of caution is in order, namely, some students will easily exceed the precision of the
calculator or computer when using this approach with the subsequent truncation errors. This,
of course, provides an excellent opportunity to reinforce both the importance of the precision
of the tool being used, as well as the inherent limitations of technology, however advanced it
may be.

When the algebraic approach to the study of limits is formally introduced in calculus,
students who have been previously exposed to the numerical approach, use it to get a sense of
what the answer should be and/or to test their solution. It has been reported that the ability to
double-check their answers seems to be of utmost importance to the students (Quesada,
1994).

In addition to analyzing the behavior of individual functions, at the precalculus level, students
can start to compare the growth of different functions using this iterative approach (Demana
& Waits, 1993). They may investigate for example the behavior of x°/e* asx — oo, and

determine which of the two functions grow faster.

Iterative methods to Solve Equations
No selection of basic recursive procedures would be complete without a reference to solving
equations via recursion. For the sake of brevity we have chosen only Newton’s algorithm and
the bisection's method because of their opposite converging speeds.

Example 5. Solve x =sin(x -z /4) using: i) Newton’s algorithm with an error s <107°; and ii)
the bisection algorithm.

Solution. As shown in Figure 5.1 we consider the function f(x) = x—sin(x—/4). First, a
starting value close to the solution sought is determined by looking to its graph, in this case
the value 7.2 is chosen to initialize x,. Then its derivative is calculated, and the command line



following the traditional algorithm is written asx, =x — ]]:'((xl)) ,x, > x,. The added
X1
instruction x, —x, — &, allows the user to stop when the precision sought is reached. Students

appreciate how fast this method converges when they compared with any of the other basic
methods (Picard, secant,...), but in any case it is important to remark that as seen in Figure 5.1
the result does not change after only four steps, i.e., when for the 1% time all the decimals of
the solution remain unchanged.

A group of honor students can be challenged to do a recursive program for the bisection
method. As before a small interval, (-1.2, 0), containing the root sought is determined
graphically. Then the coordinate m of the midpoint of the starting interval is determined, and
the “if-then-else” command, available in the TI-Nspire, is used to decide in which endpoint of
the interval in turn, the function has the same sign as f{m) (Figure 5.r). This end point is then
replaced with m.

In the case of the TI-84, where inequalities are evaluated with O=false or I=true, one can
take advantage of the Boolean constant £ to decide which half of the current subinterval
contains the zero using the command line:

(1+1)/(2))—mfm) () > 0—sk: k74 (1-k) Sm—srk ¥+ (1-k) L {L -1

-~
Defineﬂx);r—sin(x—z) Done 7| "2~ 10>+ 0.
4 -
b —:m:Ifﬂm)-ﬂf)>O Then:m—IElse: m—=r: Endlf:{f,r,r—f}
' _d Done 2
Define a’j(x)—dx(/{x:l) {_1”0.11.}
71'2-;{'):;) 12 %—zvm:Ifj(m)-f(f))O Then:m —1'Else: m—r EndIf:{f,r‘,rff}
X
xf—m—»x?:x?—xi‘—»e:x?—»xi‘:{x?,e} {_1”_0510.5}
) {_O'997035903641’0'202964096359} b —mIf Am) A)>0 Then:m—:Else: m—r: EndIf;{f,r,r—f}
x7 2
xf—d 7 —:x2:x2—x1—-5:x2—:x1:{x2,5} {_1.1_0.7510.25}
o) {_O'981046877066’0'015989026575} b —mIf Am) A)>0 Then:m—l:Else: m—=r: Endlf:{f,r,r—f}
x7 2
1- a‘j{xi‘) 4IQ!IQ—I1481124II!{I2,8} {*1.,*0.875,0.125}
_/{ ) {_0'980942127711’1'0474935427E_4} b —m:If fm) £1)>0 Then:m - I'Else: m - EndIf:{E,r,r—f}
X1 2
xi‘—d 7 —»x?:x?—xi‘—»e:x?—»xi‘:{x?,e} {-1.,-0.9375,0.0625}
{_O'980942123205’4'50605E_9} b —mIf Am) A)>0 Then:m—I:Else: m—r: EndIf;{f,r,r—f}
xI- j(xf) —>t2't2ﬂ:1—>£'r2—>r1'{r28} 2
ey T T TS {-1.,-0.96875,0.03125}
— {70'980942123205’1'?14} nr —mIf Am) A)>0 Then:m—I:Else: m—r: EndIf:{f,r‘,rff}
i 2
I ncoa et faliat] 1
8/99 8/99
Figure 5

V. On Modeling Population Growth

Example.

1. It has been estimated that the rate of growth of the population in a southern Canadian town
during the last ten years has been of 6% per year. If the town currently has
20,000 members, what will be its size in four years assuming the same rate of growth?

When will the population double?



2. After three years of steady growth, some changes on the environment reduce the growth to
4%, what will be the size of the population one year later?

3. Suppose that in addition to the initial population of 20,000 and rate of growth of 6% an
average of 600 immigrants is settling in the community at the end of every year. What will
the population be in three years?

4. Let the initial values of the population, the rate of growth and the amount of incoming
immigrants be unchanged. If now the rate of growth begins to increase at a rate of 0.25%
every year, what will the population be in four years? If in addition to an increase in the
population rate, an annual decrease of 3% on the average of immigrants is expected, what
will the population be in ten years?

5. Finally, if all the conditions in part four remain, estimate how long will the population
take to reach between 110,000 and 120,000.

Solution. As figure 6.a illustrates, in a simple recursive approach, the variable Ans (that saves
the result of the last calculation performed) can be used to store the amount at the end of each
step; this becomes the basis for calculating the result in the next step. The process, as seen in
figure 6.a, can be refined to include the variables p for population and ¢ for time. After these
variables are initialized, the body of the recursive process is inputted as the line of
commands. It consists of the equations to update the values of the variables. The last
calculation shows that it will take 12 years for the population to double, which confirms the
rule of 72.

The answer to the second question, found in figure 6.b, illustrates how the discrete nature of
the process facilitates a recall from the stack of commands (via copy and paste in the TI-
Nspire) and an update of the rate of growth in the recursive equations before continuing the
iteration.

2000 2000 | 20000-p:0-1 0
20001.06 2120, |prL06-pitl-efip) {1,21200.}
2120.41.06 22472 | pl06-pirlsn{ip) {222472.}
2247.2+1.06 2382082 | prl.06-pi+l-tftp) {3,23820.}
20000-p10 - ¢ 0 |plod-pei-nfep) {424773.}
pr106-pirl ~e{tp) {1,21200.} |20000-p:0-¢ 0
p106-perl-n{ep) {222472} |p106+600-pt1—r{tp} {1,21800.}
prl06-pi+l > a{tp) {3,23820.} |p-106+600-p+1-t{tp} {2,23708.}
pl06spil-n{ip) {425250.} |p106+600-p1-0{rp} {3,25730.}
prl06-pi+l > a{tp) {5,26765.}
pl06spil-n{ip) {11,379¢6.}
prl06-pi+l > a{tp) {12,20244}

1219 o1

Figure 6.a Figure 6.b

Similarly, to answer the third question, the initialization command is first recalled and
executed, then the body of recursive equations is recalled and the amount of yearly
immigrants, namely 600, is added to the calculation of p (see 2" part of figure 6.b).



20000 -p:0—- 2006 -7 S.E-2

(1474600 > pir+1 - £1740.0025 - ri { ,p, 7} {1,21800.000,0.063 }
p (147 +600 = pi+l = 17400025 = { 1, p,7 } {2,23762.500,0.065 }
p(1+rH+600—pir+l - £:74+0.0025 - { p, 7 } {3,25007.063,0.068}
(1474600 > pir+1 - £1740.0025 > ri { ,p, 7} {4,28255.789,0.070}
20000 - p:0—- 0006 - 7600 —=a &00

p'[1+r':l+a—»p:f+1 —-f:?*—l—0.0025—»r‘:a'O.Q'?—»a:{f,p,r,a}
{1,21800.000,0.063,582.000 }

p'(l+?':l+a—»p:f+1 —-I:H—0.0025—»r':a'O.Q?—»a:{z,p,r,a}
{2,23744.500,0.065,564.540 }

p'(l+?':l+a—»p:f+1 —-I:H—0.0025—»r':a'O.Q?—»a:{z,p,r,a}
{3,25852.433,0.068,547.604 }

Figure 7

The first part of question four requires the introduction of a new variable » for the changing
rate of growth. Figure 1.c illustrates the initialization of » and the necessary updates for the
recursive equations. Next, the amount of immigrants becomes variable in the second part of
question four, hence, a new variable a and the corresponding updates for a in the recursive
equations are introduced (Figure 1.c).

Clearly, the equation depicting the solutions to the last part of the problem will be
complicated for secondary. However, it is possible to get an estimate of when the population
will reach some given amount. For this, we look at the scatter plot of a set of the (time,
population) values obtained and determine the regression curve that best fit the data, in this
case as expected is an exponential function (Figure 8.t). Finally, as seen in Figure 8.b, we
have estimated the answer graphically by intersecting y=115,000 with the graph of the
exponential function obtained.

Several remarks are in order. First, the simplicity of this approach is striking when contrasted
with the algebraic equations traditionally needed to find the solution, particularly of question
four. Any doubts about this can be easily overcome by obtaining the equations needed for
question four, and then comparing the level of algebraic sophistication used with that needed
to obtain the recursive solution using this approach. Secondly, it has been said that to be able
to write a program to solve a problem, one must have a good grasp of the solution. In order
to solve a problem recursively, the student needs to identify the variables involved, their
initial values, and the rules by which they change; just as they would need in order to write a
program but with a minimal amount of syntax. Finally, the discrete nature of the iterative
process facilitates the analysis, testing and modification of the solution.
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Figure 8

This approach can be used to analyze the growth of any population; but, it is not surprising
that many secondary students are particularly interested when studying the growth of money
under compound interest. As in the previous problem one may introduce variable yearly
deposits as well as changing interest rates.

Conclusion
The examples shown in this paper were selected to give a sense of the possibilities for using
iteration and recursion throughout the mathematics curriculum at different levels. They
certainly do not exhaust the topic; recursive solutions to systems of equations, Markov
chains, recursive relations, fractals, and many others, can be easily found through the
curriculum.

Familiarity with iterative/recursive techniques will provide students with four main benefits.
First of all versatility, since as we have seen, these tools can be used to solve a great variety
of problems in different areas. Secondly, the accessibility to powerful models traditionally
taught at upper levels to students of basic mathematics. Thirdly, as we saw in the last
example, they can provide a simpler alternate problem solving approach. Last but not least, it
is a good pedagogical tool since allows to easily analyze, test, and modify a solution.
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