Integrating Certain Products without Using Integration
by Parts

Tilak de Alwis

talwis@selu.edu
Department of Mathematics
Southeastern Louisiana University
Hammond, LA 70403
USA

Abstract: In this paper, we will describe a novel method of integrating certain products without using the integration
by parts formula. In a calculus class, the standard method of integrating products of functions such as polynomials,
exponential functions, logarithms, and trigonometric functions is to use the integration by parts formula. Of course,
every instructor teaches that this formula is equivalent to the well-known product rule for differentiation of functions.
However, when a student uses integration by parts, the idea behind the product rule usually gets lost during the
execution of the method. This probably happens because the student is trying too hard to concentrate on the actual
mechanics of the integration by parts formula. In this paper, we will show how to use the product rule for
differentiation to integrate a variety of products. We will also use the computer algebra system Mathematica to verify
our results, and also to gain some new insights. What we have used is Mathematica version 7.0 on a Windows 7
platform, but any other computer algebra system of reader’s choice can be used for the purposes of the paper.

1. Introduction

In the opening section of the paper, we will review the traditional integration by parts formula
in calculus (see [4], [7], and [8]). For suitable function u and v of variable x, this formula states the
following:

Iudv = uv—jvdu (1.1)

The above formula (1.1) is traditionally used to integrate certain products of elementary functions
in calculus. These functions include polynomials, exponential functions, logarithms, trigonometric
functions, inverse trigonometric functions, hyperbolic functions, and inverse hyperbolic functions.

Just to illustrate this method, let us consider the problem of integrating the function xe”*.
Example 1.1. Calculate I xe”*dx using integration by parts.

In order to match the given integral with the left-hand side of formula (1.1), one must make choices
for u and dv. In general, when choosing dv, we try to pick an easier function to integrate. So in this

example, either dv=xdx or dv=e"" dx seems to be viable choices at the beginning. However, if
we choose dv = xdx , then after integration we obtain v = x>/2, thus increasing the original power

of x, making the problem more difficult. Therefore, the correct choice for dv is dv =e* dx. This
also means that u = x .



With these choices u=x and dv =e* dx, one would obtain du=dx and v=e**/2. Thus the
formula (1.1) implies
1

J.xezxa’x = J.udv = uv—jvdu = %xezx —%J.ezxdx = Exezx —%ezx + C

where C is an arbitrary constant.
[

One difficulty of this method is that the student has to differentiate and integrate within the same
problem, thus leading to some confusion. Every instructor teaches that the integration by parts
formula is equivalent to the following product rule for differentiation in calculus, where u and v are

differentiable functions of x (see [4], [7], and [8]).
—(uv) = u— +—v (1.2)
x dx

However, the mechanics of the integration by parts formula really hides its underlying foundation,
i.e. the product rule (1.2) of calculus. In this paper, we will reveal a method of integrating certain
products of elementary functions, directly using this product rule. The next section shows how to
use this new method to integrate products of polynomials and exponential functions.

2. Integrating Products of Polynomials and Exponential Functions

Let us reconsider the Example 1.1 in the previous section. However, this time we want to avoid
using the integration by parts formula (1.1)!

Example 2.1. Calculate J-xezxdx without using integration by parts.

We will first consider the problem of differentiating the function xe** with respect to x, using the
product rule (1.2):

di(xez'”) = x.2e" + &> (2.1)
X

Now integrate both sides of equation (2.1) with respect to x.

xe't = 2jxezxdx + jezxdx (2.2)
The equation (2.2) can now be solved for J-xezxdx using simple algebra:

Ixezxdx = lxez"—ljez*dx = lxez’c—lez’ur C
2 2 2 4



The above agrees with the answer obtained from the traditional integration by parts method, as
indicated in Example 1.1 of the previous section.
[

We will now consider how to integrate products of higher powers of x and exponential functions.

Example 2.2. Calculate _[ x’e”* dx without using integration by parts.

Motivated by Example 2.1, let us differentiate the function x’e>* with respect to x: The product
rule (1.2) yields

di(xzezx) = 2x°e™ + 2xe™ (2.3)
X

At this point, we can integrate both sides of equation (2.3) with respect to x, and use the result of
the Example 2.1 for J-xezx dx. However, let us proceed independently as follows. Let us now

consider the derivative of xe**, the last component of the right-hand side of equation (2.3):

di(xezx) = 2xe™ + & (2.4)
X

Subtract the equation (2.4) from (2.3) to obtain:

di(xzezx) - di(xezx) = 2x°e™ — & (2.5)
X X

Now integrate both sides of equation (2.5) to obtain:

x’e™ — xe = 2szezxdx - J.ezxdx (2.6)

One can now solve equation (2.6) for Ixzezxdx to obtain the desired result:

.[xzezxdx = lxzezx - lxezx + lezx + C (2.7)
2 2 4
[

It is possible to check the result given in equation (2.7) by standard integration by parts method or
by using a computer algebra system (CAS) such as Mathematica (see [3], [6], and [9]). For
example, the “Integrate” command of Mathematica can be used to calculate the integral in the
above example:

Input: Integrate[x"2*Exp[2x],x]



The output can be obtained by pressing “Shift-Enter” at any place in the command line (see [3]
and [9]). The output is as follows:

Output: 1/4 EN2 x) (1-2 x+2 x2)
One can observe that the above output is the same as the one given in equation (2.7) above.

As the final example of this section, let us consider higher powers of x, even higher than that of
Example 2.2.

Example 2.3. Calculate .[ x*e* dx without using integration by parts.

In this case, there are four equations that correspond to equations (2.3) and (2.4) of Example 2.2.

di(x4ex) = x'e" +4xe" (2.8)
X
d 3 x 3 x 2 x
d—(xe):xe + 3xe (2.9)
x
d 2 x 2 x x
d—(x e) = xe +2xe (2.10)
x
d X X X
d—(xe) = xe' +e (2.11)
x

Since we only want the integral of x*e*, we have to eliminate all x’e*,x’¢", and xe* terms from
the right-hand sides of equations (2.8)-(2.11). We propose more than one way of doing this:

First approach is elementary, and is suitable for any level of calculus student: This involves adding
four equations together, after multiplying each one by a suitable constant. In particular, first leave
equation (2.8) unchanged. Then multiply equation (2.9) by —4 and call it equation (2.9)'. Next,

multiply equation (2.10) by 12 and call it equation (2.10)'. Finally, multiply equation (2.11) by
—24 and call it equation (2.11)'. Now add all the equations (2.8), (2.9)", (2.10)', and (2.11)
together to obtain

i()c“ex) - 4i(x36x) + 12i(xzex) - 24i(x4e") = x'e¢" —24¢" (2.12)
dx dx dx dx

Finally, integrate both sides of equation (2.12) with respect to x, and solve for Ix4exdx to obtain

the required result:

Ix“ex dx = x'e" —4x’e’ +12x°e" —24x"e" +24e* + C (2.13)



Second approach of elimination uses some matrix algebra, and might not be suitable for the

beginning calculus student. In order to do this, first rewrite the equation (2.11) by moving the e*
term to the left-hand side:

%(xe" —e') = xe' (2.14)

One can now rewrite the equations (2.8), (2.9), (2.10), and (2.14) in the following matrix form (see
[1], [2], and [5]):

1 4 0 0)x' d(x*e")/dx
O 1 3 0 3 x 3 x
xze _ d(xze )/ dx (2.15)
0 0 1 2| x%" d(x"e")/dx
0 0 0 1){ xe d(xe" —e")/dx

In the above equation (2.15), let us denote the 4X4 matrix by 4, the 4X1 column vector on the
left-hand side by X, and the 4X1 column vector on the right-hand side by 5. Our matrix 4 is a
special triangular matrix, called a bidiagonal matrix, and it is invertible since each of its main
diagonal entries is nonzero (see [1], [2], and [5]). Therefore, multiplying both sides of equation

(2.15) by A", we obtain:
X = A'b (2.16)

We can calculate A4™' either by hand, or by using “Inverse” command of Mathematica (see [3] and
[9]). At this point one might argue why not use the “Integrate” command of Mathematica to

calculate the integral .[ x'e*dx at once. However, bear in mind that the purpose of this

investigation is to illustrate a novel approach, and the aim is far from getting the answer quickly.
This matrix approach also illustrates alternate ways of using a modern CAS.

The following Mathematica commands calculates A4~ and displays the output in a row format:

Input: mat={{1,4,0,0},{0,1,3,0},{0,0,1,2},{0,0,0,1} };
Inverse[mat]

OUtPUt: { { 15_49 125_24} 9 {07 1 5_336}’ {ana 1 ’_2} s {05030,1 } }

Therefore, the equation (2.16) now reads as the following:

x'e* 1 -4 12 -24 d(x*e")/dx
| Jo 1 =3 6 e
xze _ d(xze.)/dx 2.17)
xe 0o 0 1 =2 d(x“e")/dx
xe" 0 0 O 1 Nd(xe"—e")/dx

By matching the (1,1) entries on both sides of the equation (2.17) yields



4 x d 4 x d 3 x d 2 x d x x
- — 4= + 12= — 24— (xe" — 2.18
X e (x e ) (x e ) x(.x e ) dx( e e ) ( )

Integrating both sides of equation (2.18) with respect to x leads to the required result:
J.x4exdx = x'e" —4x’e" + 12x°e" — 24xe* + 24" + C (2.19)
Note that the answers given by equations (2.13) and (2.19) are identical.

It appears that the method of integration we are proposing by using a differentiation formula,
namely the product rule (1.2), is more natural and intuitive than the traditional integration by parts
method. However, in order to see the true value of the new method, let us integrate products of
different types of elementary functions.

3. Integrating Products of Polynomials and Trigonometric Functions

In this section we will investigate how to use the new method to integrate products of
polynomials and trigonometric functions such as Sin(x) and Cos(x).

Example 3.1. Calculate J. x*Sin(3x)dx without using integration by parts.
By following the method indicated in Example 2.1, the question is whether we should consider the

derivative of x’Sin(3x) or that of x’Cos(3x). It must be clear that we should consider the

derivative of x*Cos(3x) , because the derivative of a cosine term gives a sine term, and a part of
the integrand contains a sine term.

di(szos(fo)) = —3x’Sin(3x) + 2xCos(3x) 3.1)
X
In a moment, we want to integrate both sides of equation with respect to x, to obtain the required

integral of x*Sin(3x). However, in the process, because of the last term of the equation (3.1), we

run in to .[XCOS(?)X) dx . Therefore, let us consider the derivative of the function xSin(3x) first:

di(xSin (3x)) = 3xCos(3x) + Sin(3x) (3.2)
X

One can now eliminate the xCos(3x) term between the right-hand sides of equations (3.1) and

(3.2). For example, multiply equation (3.1) by 3, and add it to equation obtained by multiplying
equation (3.2) by — 2, yielding the following:

3i(x2Cos(3x)) - 2i(xSin(3x)) = —9x’Sin(3x) — 2Sin(3x) (3.3)
dx dx



Now integrate both sides with respect to x, to obtain:

3x*Cos(3x) — 2xSin(3x) = —9jx2Sin (Bx)dx — ZJ-Sin (3x)dx 3.4)

The above equation can now be solved for Iszin (3x)dx to obtain the desired result, where C is an

arbitrary constant:

.[szin(3x)dx = —%XZCOSG)C) + %xSin(?)x) + 2—27C0s(3x) + C (3.5)

As before, the result given in equation (3.5) can be verified by using the “Integrate” command of
Mathematica:

Input: Integrate[x"2*Sin[3x], x]
Output: -(1/27) (-2 + 9 x*2) Cos[3 x] + 2/9 x Sin[3 x]

After some simplification, it can be seen that the above Mathematica output agrees with the answer
given by equation (3.5).

4. Integrating Products of Exponential Functions and Trigonometric Functions

In this section, we will consider the problem of integrating products of exponential functions
and trigonometric functions such as Sin(x) and Cos(x) using the new method. For this particular

situation, the new method seems to be more efficient and natural than the traditional integration by
parts method.

Example 4.1. Calculate I e**Sin(3x)dx without using integration by parts.

Before demonstrating our non-standard method for this problem, it is important for the reader to
recall the traditional method using integration by parts (see [4], [7] and [8]). The traditional method

uses the formula (1.1) twice. At the outset, you can make either choice for dv, i.e. dv=e>*dx or
dv = Sin(3x)dx. Then, if you choose dv =e> dx in the first round of integration, the trick is to
remember to choose the same choice dv=e’*dx in the second round of integration as well.
Likewise, if you choose dv = Sin(3x)dx in the first round of integration, you must make the similar
choice dv=Cos(3x)dx in the second round of integration (see [7] and [8]). These different

choices might be overwhelming to the beginning student. In contrast, the new method, as
illustrated below, seems to be a much more natural and direct method of integration:

First consider the derivative of the function e**Sin(3x) with respect to x:



di(eszin (3x)) = 3e”*Cos(3x) + 2e*Sin(3x) 4.1)
X
Now consider the derivative of the function e**Cos(3x) with respect to x:
d 2x 2x 2x Q:
d—(e Cos(3x)) = 2e"Cos(3x) — 3e*Sin(3x) (4.2)
X

Since we want to find the integral of ¢”*Sin(3x), let us eliminate the e**Cos(3x) term between the
equations (4.1) and (4.2). In other words, we are treating the equations (4.1) and (4.2) like a 2X2
system with “variables” e**Cos(3x) and e*Sin(3x). Such systems can be solved by either the

addition method, the elimination method, or by matrix methods (see [1], [2], and [5]). For example,
multiply equation (4.1) by 2, and add it to the equation obtained by multiplying equation (4.2) by
-3:

2i(eszin(3x)) - 3i(e2xC0s(3x)) = 13¢e”*Sin(3x) (4.3)
dx dx

Now integrate both sides of equation (4.3) with respect to x to obtain:

2¢**Sin (3x) — 3e**Cos(3x) = 13J.eszin (3x)dx 4.4)

Now solve the above equation (4.4) for J‘ez)‘Sin (3x)dx to get the desired result:

Ieszin Bx)dx = %ezx[2Sin (3x) — 3Cos(3x)]+C 4.5)

It is very interesting to observe that as a by-product of our method, we can also calculate
Ie“Cos(3x) dx . This is a significant advantage compared to the traditional method of integration

by parts. In order to calculate J.eszos(?)x) dx, eliminate the e*Sin(3x) term between the
equations (4.1) and (4.2) to obtain

3i (e**Sin(3x)) + 2i (e**Cos(3x)) = 13e*Cos(3x) (4.6)
dx dx

Integrating both sides with respect to x yields

j-eszOS Bx)dx = %ez"[35in (3x) +2Cos(3x)] + C (4.7)
Both integrals given by equation (4.5) and (4.7) can be verified by Mathematica to be correct.

In the next section, we will consider how to utilize the new method to integrate odd powers of
secant and cosecant functions.



5. Integrating Odd Powers of Secant and Cosecant Functions

Let us consider the problem of integrating Sec’(x):

Example 5.1. Calculate I Sec’xdx without using integration by parts.

First note that Sec’(x) =Sec(x).Sec’(x), and Sec’(x) is the derivative of Tan(x). Thus, according
to the new method, we will consider the derivative of the function Sec(x)Tan(x) with respect to x:

di (Sec(x)Tan(x)) = Sec(x)Sec’(x) + Sec(x)Tan(x).Tan(x) (5.1)
X
Simplify the right-hand side of equation (5.1) to obtain
di(Sec(x)Tan(x)) = Sec’(x) + Sec(x)[Sec’(x)—1] = 2Sec’(x) — Sec(x) (5.2)
X

One can now integrate both sides of equation (5.2) to obtain

Sec(x)Tan(x) = ZJ- Sec’(x) dx — .[Sec(x) dx (5.3)

Note that ISec(x)dx = In| Sec(x) + Tan(x) |+ C; where C, is an arbitrary constant (see [7] and

[8]). Using this, one can solve the above equation (5.3) for J-Sec3 (x)dx to obtain the following,

where C is an arbitrary constant:

J.Secsxdx = %Sec(x)Tan(x) + %ln|Sec(x)+Tan(x)| + C (5.4)

For this example, the new method of integration seems to be a bit less complicated than the
traditional method using integration by parts. The reader is advised to work out the same problem
using integration by parts, in order to compare the new method with the old method (see [7] and
[8]).

n
The odd powers of cosecant functions can be handled in a very similar fashion. In order to better
understand the mew method of integration using the product rule, the reader is invited to attempt

the following exercise:

Exercise 5.1. Calculate the following integrals without using integration by parts:

(2) jSecS(Zx) dx (b) j Cosec® (4x)dx



6. Integrating Certain Three-fold Products of Elementary Functions

Let us consider the following problem of integrating the product of x,e*and Sin(x):

Example 6.1. Calculate I xe* Sin(x)dx without using integration by parts.
First, consider the derivative of xe*Sin(x), using the product rule given in (1.2):
d X o X X . X .
d—(xe Sin(x)) = xe*Cos(x) + xe'Sin(x) + e'Sin(x)
X

Secondly, consider the derivative of xe*Cos(x) :

di(xexCos(x)) = —xe'Sin(x) + xe'Cos(x) + e'Cos(x)
X

Thirdly, consider the derivative of e*Cos(x) :

i(ex(fos()c)) = e'Cos(x) — e'Sin(x)
dx

(6.1)

(6.2)

(6.3)

Since we want the integral of xe*Sin(x), but not the integral of xe*Cos(x), we must eliminate the

xe*Cos(x) term between the equations (6.1) and (6.2). Therefore, subtract the equation (6.1) from

(6.2) to obtain

i(xe”Cos(x)) - i(xexSin(x)) = —2xe'Sin(x) + e Cos(x) — e'Sin(x)
dx dx

(6.4)

However, the last two terms of the right-hand side of equation (6.4) are precisely given by equation

(6.3). After making the substitution, one obtains
d x d X Qe X Q. d x
—(xe*Cos(x)) — —(xe*Sin(x)) = —2xe'Sin(x) + —(e'Cos(x))
dx dx dx

Now integrate both sides of equation (6.5) to obtain

xe'Cos(x) — xe'Sin(x) = =2 j xe ' Sin(x)dx + e"Cos(x)

One can now solve the equation (6.6) for jxexSin (x)dx to obtain the required result:

'[xexSin(x)dx = %ex[xSin(x) - xCos(x)+C0s(x)] + C

(6.5)

(6.6)

(6.7)



In this example, our new method of integration has a clear advantage over the traditional method
of integration by parts. Let us verify the accuracy of the above integral (6.7) using the “Integrate”
command of Mathematica:

Input: Integrate[x*Exp[x]*Sin[x], x]
Output: 1/2 E*x (Cos[x] - x Cos[x] + x Sin[x])

The above Mathematica output clearly agrees with the result given by equation (6.7).

In order to sharpen the skills on the new method of integration, the reader is invited to complete the
following exercise:

Exercise 6.1. Calculate without using integration by parts:

(a) [xe*Cos(2x) dx (b) [x’e>Sin(3x)dx

Conclusion

In this paper, we showed how to integrate a wide variety of functions without using the
traditional method of integration by parts. Our method relies on the exclusive use of product rule
for differentiation of functions. We do not claim the new method to always be more efficient than
the traditional method. However, in many cases, the proposed method seems to be more natural
and intuitive than the standard method. We showed how to use modern technology not only to
verify our results, but also to find new insights to the existing methods, as illustrated by matrix
calculations in Example 2.3. In order to better grasp the new method, the reader is requested to
complete the exercises indicated in the paper. Following the spirit of the paper, the reader is also
encouraged to carry out more calculations to discover other types of integrals that are suitable for
the new method.

References

[1] DeFranza, J and Gagliardi, D. (2009). Introduction to Linear Algebra with Applications. New
York, NY: McGraw-Hill Companies, Inc.

[2] Goldberg, J. (1991). Matrix Theory with Applications. New York, NY: McGraw-Hill
Companies, Inc.

[3] Gray, T. and Glynn, J. (2000). The Beginner’s Guide to Mathematica, Version 4. Cambridge,
UK: Cambridge University Press.

[4] Larson, R. (2010). Calculus of a Single Variable. Mason, OH: Cengage Publishing

[5] Lay, D. (1994). Linear Algebra and its Applications. Redwood City, CA: Addison-Wesley
Publishing Company

[6] Maeder, R. (1991). Programming in Mathematica. Redwood City, CA: Addison-Wesley
Publishing Company

[7] Swokowski, E. (1991). Calculus, 5" edition. Boston, MA: PWS-Kent Publishing Company

[8] Thomas, G. (2005). Calculus, 11 ™ edition. Upper Saddle River, NJ: Pearson Education.

[9] Wolfram, S. (2003). Mathematica Book, 5th ed. Cambridge, UK: Cambridge University
Press




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


