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Abstract: In this paper we discuss various situations whéirgs and patterns, with the aid of technology, fad#ita
the teaching of mathematics and serve as tools in undergiaadd developing new mathematical ideas. We also
illustrate how technology makes possible cultural cotioes in the study of mathematics using Islamic ggirand
patterns.

1. Introduction

The theory of tilings and patterns has been anmdating field of study by mathematicians
for more than 100 years. It includes ideas fromouer areas of mathematics such as geometry,
algebra, topology and number theory. Tilings anttepas are very rich resources both in the
teaching and discovery of mathematical ideas. $t fa@ilitated the link of mathematics to other
disciplines such as physics, chemistry, crystalipgy, art and architecture. The emergence and
development of technological tools the past yeassfhcilitated new and more exciting dimensions
in this particular branch of mathematics. In theper, we expound on the following various
aspects of the theory of tilings and patterns.

First, we show how tilings and patterns, with theé af technology, can be used as tools in
teaching and learning algebraic and geometric quecand in the development of critical thinking.
We give varied examples we have used in our tegcimwolving the use of dynamic geometry
software, online interactive software and animateghonstrations.

In the past years we have seen new developmeitinip theory such as the emergence of non-
euclidean tilings, and tessellations in higher disiens. We present briefly the roles of
technological tools in understanding the deepeherattical ideas presented by these tilings and in
facilitating the solution and proof of challengimgthematical problems suggested by tilings.

In the third part of the paper, we focus on Islarpaiterns and tilings. We give particular
situations how technology has facilitated the ufehese designs in our teaching. Lastly, we
highlight the role of technology in describing tlkaltural connections of Islamic tilings and
patterns to the mathematics being discussed.

2. As a Teaching Tool

A tiling has been defined mathematicadly a countable family of closed sets caliézb that
cover the plane without gaps or overlaps [14]. Bu#s inherent structure, tilings have been often



used to represent and exhibit geometric concepts as when teaching students basic ideas on
symmetries and geometric transformations.

One approach is to have students experience theingeaf these abstract ideas by construction,
through the use of dynamic geometry software. Byating and replicating geometric designs using
various symmetries applied to a basic motif, thedshts can visualize the effect of each
transformation. This also allows the students tmgaize the different symmetries present in the
tiling. For instance, consider the68% tiling consisting of regular hexagons and eqeitat
triangles shown in Figure 1. One possibility toaibtthe tiling is to start with a regular hexagon
and apply 189 rotational symmetries about its vertices to obtapies of the hexagon. Then the
triangles may be drawn by connecting the vertideh@hexagons (See Figure 2).
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Figure 1:The 3658% tiling  Figure 2: A part of the tiling with centers
of 180rotation

This teaching strategy develops students’ critit@hking skills through the processes they
undergo in constructing the tiling using the basiatifs (hexagon and triangle, in this case) with
the aid of technology that serves as a scaffoltl fdmclitates the construction and reconstruction
process. Recognizing the different symmetrieshi@ tiling requires an understanding of the
connections among the properties of the geometgards involved. Reflective thinking is
developed when students make adjustments (whenetkastessary) to come up with the tiling,
seeing the symmetries and using correct transfeomat They must also have a disposition of
openness to see different possible constructioas ¢tan be made based on different possible
interpretations of the motifs. Note that the exBngbove showed only one way of constructing the
tiling. In addition, allowing students to presddiferent ways of constructing the tiling coupled
with clear explanations of their analysis of howleéling was produced will further enhance their
critical thinking skills.

In the past years we have seen the emergencezdddtive software which generates tilings and
patterns designed to facilitate the understandingeometric transformations, hand-in-hand with
concepts in group theory. Using this software wteathing students higher algebra for example,
eases the abstraction of the course, and providegplatform for a less intimidating learning
environment.

For instance in Figure 3 we present screen dunges the activities we have carried out with
Kaleidomanig[25], in the teaching of abstract algebra. Thedrvities highlight the connection of
tilings and patterns with group structures, viartsgmmetry groups. The set of distance preserving
transformations of the plane that sends a tilingpa to itself forms a group under composition of
functions, and is called tr®ymmetry groupf the tiling/pattern. The pattern on the left Adsfold



rotational symmetry about the center of the pattamd this symmetry generates the symmetry
group of the pattern, the cyclic group of ordervelg C;;. On the other hand, the pattern on the
right has 6-fold rotational symmetry about the eerdf the pattern, as well as mirror reflections
with axes shown. These symmetries make up the dihgdoup of 12 element8fs, which is the
symmetry group of the pattern. The 6-fold rotatiogether with one of the reflections, form a set
of generators for the symmetry group. Observe #zth pattern has been generated from the
corresponding tiling to its right, by specifyingfandamental triangle, to which the respective
symmetries are applied. These activities were desigorimarily to allow students to visualize
characteristics of cyclic groups and dihedral gsyupcluding that of their generators and relations

o ®
27| ) =

128

Symme

FZARe]
i

&
Summetries il

Slide Show Fl enerate _Slide Show Full Scree:

| 3
==
2 [ [
Goreree i sereen

(To pause hold down the Ctrl. key] [ To pause hold down the Ctrl. key)

Figure 3: Patterns with symmetry groups a cyclic and dihegiralip
(Outputs produced usiraleidomania26])

The use of technology in these activities to presewisualization of the abstract concepts
develops students’ appreciation and greater iritefes the subject matter. This multi-
representation of the concept allows students tkent@nnections with geometric topics such as
transformations and symmetry, and leads them t®epetr understanding of these previously-
learned concepts. Being able to recognize the emiiom of cyclic and dihedral groups to
particular patterns, and understanding the gensratnd relations of these groups through the
visual representation, brings about a deeper utadelimg of these concepts, which can prepare
students in learning more advanced concepts usgighlevels of thinking. For instance, students
would have to be able to read and comprehend prasfaell as to construct them in the language
of abstract algebra.

Escher Web Sketcl20] is an online interactive software that getesatilings based on an
infinite symmetry group and can be used as a todkaching both abstract algebra and modern
geometry. The software allows for a tiling to bexgeted by applying a motif on a unit cell, whose
images under a specified symmetry group cover theep(see Figure 4 for a sample output). By
varying the symmetry groups and analyzing thegdsithat result, students are able to understand
more clearly the symmetries present in each ofLtthelane symmetry groups and distinguish one
group from another. Experimenting on the symmengups also reveals that the possibiold
rotational symmetries occur only whare 1, 2, 3, 4 and 6 (commonly called the crystatipdic
restriction);n =5, 8 or 12, for instance, are called forbiddemsetries for Euclidean patterns.



These investigations develop students’ abilitiesterpret the tiling in relation to the symmetry
group and to analyze the symmetries and transfansbccurring on the tiling. These will help
the students develop the capability to classifynaigpatterns according to their symmetry group.
Moreover, the explorations give the students opmities to make conjectures on the possible
symmetries that may occur and give explanationpréwe or disprove such conjectures. These
critical thinking skills can be developed and pi@ad through such activities to prepare students
for a more advanced study of group theory. Hehrielogy is used as an aid in the exploration of
the mathematical concepts.

The software may also be used to supplement tlreigh®n on the derivation of the 17 groups
as the only two dimensional symmetry groups inEbelidean plane.

Figure 4: Tiling with symmetry grougp4m, with the unit
cell shown (Output produced usiBgcheWeb SketcfR0])

The Wolfram Demonstrations project site [34] hdsige collection of animated demonstrations
involving a wide range of mathematical topics. Ehare interesting examples for use in teaching
abstract algebra, one of which involves the useotiired patterns to illustrate the concept of group
actions, orbits and stabilizers. The idea is tokciny of the 16 squares to change its color. For a
particular coloring, the images under the groupoacbtn the coloring are displayed, as are the
orbits of colors and stabilizer. The group can lmhaice of either a dihedral group of order 8 or a
cyclic group of order 4, acting on either two, rer four colors. A still image of the animatian i
presented in Figure 5.

By analyzing the different colored patterns thasearafter varying the groups and the color
assignments to the squares, the concepts on arigtgroup actions are better understood. The use
of technology in such activity is two-fold: it alvs a geometric representation of the abstract
concepts through the use of colored patterns afadilitates the exploration process that leads to
deeper understanding of the concept. Each colpatteirn represents the resulting image of the
action under a group element. The fact that telolgyocan generate these images with ease allows
the students to observe group properties throughcthored patterns that result from the group
action. By also giving representations to the 0{e.g. a color represents an atom or molecude in
given crystal) the students will appreciate thensmtions of the concepts to real world situations.
In future studies this will help the students imtgg such mathematical concepts with other fields
of study.



The images of your coloring under the indicated motions are
number of colors 2 [3 ﬂ & 3
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The stabilizer in D4 of your celoring is {Fp, D}

The orbit of your coloring under Dy is

Figure 5: Brodie’sOrbits and Stabilizers of Groups Acting on Colosng
of 4x4 Checkerboardg¢Still image from Wolfram Demonstration’s Proj¢28] )

3. As an aid in Research

The mathematical theory behind tilings is very rad to this day, still involves challenging
and unsolved problems. New developments on nonid&an tilings and tessellations in higher
dimensions for instance, have posed interestingstgues on the mathematical structures
corresponding to these tilings such as symmetrygg@nd color groups. Technology has found its
mark in the quest to find answers to these questieither through computational and
approximation methods, and exploratory techniquesvisualize the different aspects of the
problems. In this part of the paper, we give soman®les on the different technological
approaches that have facilitated our research vimgtilings.

Figure 7:Finding symmetries of
superimposed on a modification of the 53 :5-3 -5 -3 tiling on
Escher@ircle Limit Ill [12] a fundamental triangle [7]

In [7,9,10], we have addressed the problem of ctaraing the symmetry groups of semi-
regular tilings on the hyperbolic plane. Bys@mi-regular p p. ... pq tiling we mean an edge to
edge tiling having regular polygons as its tilesthwa p;-gon, a p.-gon,..., and apg-gon
surrounding each vertex in cyclic order, and sytigf the additional property that the symmetries
of the tiling act transitively on its vertices. Thing presented in Figure 1 is an example ofraise



regular tiling. In our study, we used computer gatezl hyperbolic patterns obtained from semi-
regular tilings, to provide insights on the inteémes properties of their corresponding symmetry
groups. Dunham’s beautiful computer modificatiortled Dutch artist Escher@ircle Limit 111 for
example, shown in Figure 6, depicts the semi-redald-5 -3 -5-3 tiling exhibited in the Poincare
model of hyperbolic geometry [12]. The group ofmsyetries for this tiling is of type *533,
characterized by its generators which are the aiflies with axes passing through the sides of a
fundamental triangle, a 5-fold rotation, and twof8ld rotations with centers on vertices of a
fundamental triangle as highlighted in Figure 7.the colored pattern, the 5-fold and 3-fold
rotational symmetries have centers where the figiste mouths of the fishes meet, respectively.

Among the challenges encountered in answering trestgpn of determining the symmetry
groups of hyperbolic semi-regular tilings was tlaetfthat the hyperbolic symmetry groups are
infinite groups consisting of an immense varietyisdmetries and an infinite number of such
groups exist. It was important to experiment omasy tilings as possible to be able to come up
with generalizations on the symmetry groups givetiags of semi-regular tilings. The software
Mathematicawith its L2Primitive and Tessadd-on packages [31] provided access to different
classes of semi-regular tilings with symmetry g®upf varying properties and facilitated
exploration of tilings on the Poincare’ model befdhe formulation of the proof on the symmetry
group of the uncolored tiling. The result on thengyetry group for the-34 -3 -4- 3 -4 tiling for
instance, generalizes to that of the3 -p - 3 - p -3 family of tilings, and is given to bep83. The
methodology of arriving at the proof with the aidMathematicavas discussed extensively in [9];
see Figure 8 for a sample semi-regular tiling gateel in the process. Alternatively, investigations
on these tilings can also be carried out via appieadily available from the web which generates
hyperbolic regular and semi-regular tilings, sushon Hatch’sHyperbolic Tessellation§23],
and Jeff WeeksKaleidotile[26]. A sample output of the latter is given in g 9.

Figure 8 An output of a 412 10tiling  Figure 9: Week’sKaleidotile
(Produced using Mathematica [31]) essklations applet [26]

In the three-dimensional case, instead of tilingspblygons there exist tilings by polyhedra,
calledhoneycomhswhere the polyhedrare fitted together to fill space, so that evergefaf each
polyhedron belongs to exactly one other polyhed@®@ometric properties, symmetry groups and
subgroup structures of these tilings in hyperbamace, as well as Euclidean and spherical
counterparts, have also been studied hand-in-h@&hdechnological tools.



In [8], we worked on the open problem of finding tlow index subgroups of three dimensional
hyperbolic groups. A framework was presented iraming subgroups of hyperbolic groups, and
the approach was geometric in nature, by consigetitese groups as symmetries of three
dimensional honeycombs and tilings in hyperboliacgy and applying concepts in color symmetry
theory. The first step was to assume a fundamemtighedron, (hyperbolic tetrahedron), and to
consider the group generated by reflections aboaitfaces of the given tetrahedron, called the
tetrahedron grouf®. Specifically, in determining the subgroups@fwe used the correspondence
between the inder subgroups o6 andn-colorings of the tilings where the elementsoéffect a
permutation of then colors andG is transitive on the set of colors. When the tetrahedron is an
orthoscheme, that is, a tetrahedron whose facesomagplored so that two that are not consecutive
are orthogonal, the group is the symmetry group of a regular honeycomb inehlgplic three-
space.

During the initial phase of the work, in attemptitmy arrive at an appropriate approach in
determining subgroups of three dimensional hyp&bgioups - regular honeycombs and their
symmetry groups were studied in detail. It was ingoat to visualize the connection between the
structure of the groups and the corresponding tiireensional tilings. A useful tool in the study of
the symmetry properties of three-dimensional hoamjus includes Jeff Week€urved Spaces
[19] (see Figure 10). Curved Spaces is a flightustor for multi-connected universes. This
program allows the user to “fly through” spacestsas the three-dimensional spherical, Euclidean,
and hyperbolic space filled with certain polyheda#ipwing the study of various properties of
honeycombs. The approach is looking at the tilingmf inside the space. This allows a clear
visualization of the local structure of the tilingDther ways to visualize hyperbolic 3-space are
through the videoslot Knot[36], which is a guided tour through hyperbolic epdsee Figure 11
for a still image) andHyperbolic Space Tessellated Through Dodecahed®5jsamong others.

Figure 10 Weeks'Curved Spaceld 9] Figure 11Not Knot[36]

Other computer generated renderings of tilingsygfeinbolic space useful to our study on three
dimensional hyperbolic groups have been provideathgr mathematicians, such as the work of
Bulatov [3]. In Figure 12 we see a regular dodedabre, which serves as a fundamental
polyhedron for a subgroup of a tetrahedron grodner@ are 12 generators for this subgroup, which
consists of the reflections about the faces ofpiighedron. Reflecting the dodecahedron about its



sides will result in a tiling in hyperbolic 3-spaas shown in Figure 13 for the first and second
iteration of reflections.

Figure 12 A regular right angled Figure 13 Tiling of hyperbolic 3-space by a
dodecahedron [3] regular right angled dodecahedron [3]

Finally, the still picture shown in Figure 14 confesm a demonstration [22] from the Wolfram
Projects Demonstration site. The application presid visual image of the horosphere (sphere of
infinite radius) packings of the {3,3,6} honeycomibhe {3,3,6} honeycomb is a tiling of
hyperbolic 3-space by regular asymptotic tetrahedtee outermost sphere is the Cayley-Klein
model of hyperbolic 3-space; its points represemtg at infinity. Horosphere packings are given
where the centers of the balls are at the latticmtp of the honeycomb. The demonstration
illustrates one tetrahedral cell of the tiling witalls around its vertices.

S parameter -—J

ball1 [
ball 2 [
bail 3 [
ball4 [

Figure 14 Horosphere Packings of tH8,3,6} Coxeter Honeycomb in Three Dimensional
Hyperbolic SpacéStill image from Wolfram’s Demonstration Projef@2])



4. Islamic Tilings and Patterns

In this part of the paper, our focus of attentioill Wwe Islamic tilings and patterns. These
geometric objects are reflective of highly symneetislamic art and adorn buildings such as
mosques, mausoleums and tombs in regions througheuislamic world. Geometric and group
theoretic concepts combined with computer softvaaeetools that allow for creating modern day
variations of these historical tilings, making thesluable resources of instruction and research in
mathematics. For example, Abas and Salman, hasemer methods for the computer generation
of Islamic patterns [1], Kaplan has designed a mmogto draw Islamic star patterns [15, 29]
(Figure 18), and Dunham has rendered hyperbolsives of these patterns [11](Figure 19).

Reforms in mathematics education have advocatelistieaand contextual avenues in the
teaching and learning of mathematics. In recentsyemathematics educators have investigated
teaching methodologies for introducing mathemat¥th the aid of cultural connections. Islamic
tilings and patterns are very rich resources wiekding a cultural dimension to the mathematics
being discussed. These provide a springboard feeldping theoretical ideas of construction,
transformation geometry and group theory. Such eomons spark students’ interest and
participation in the learning process. Thus, teasland educators are able to raise students’ level
of thinking and analysis as well as their openriesiscover new ideas and their creativity towards
new constructions and connections.

Figure 15: Construction of 6-point rosette Figure 16: Construction of 12-points star
Plotproduced using Geogebra [16]) of(Broduced using Geogebra [17])

Repetitive interlaced patterns, rosettes and stegscommon features of Islamic designs, and
serve as interesting examples of geometric corgtruéor use in the classroom. For example, in
Figures 15 and 16, we present plots from the digssicreating rosette.html[16] and
creating_star.html[17] respectively, where students explore the cootbn of a rosette and a 12-
point star. The starting point would be to congtthe segmenfB, and then using the points B
and the midpoinM of AB, students construct 7 intersecting circles of eca@ius. In the case of
the rosette, the centers of the 7 circles will seas the tips of its petals. For the 12-point ste,
students will have to construct the remaining oo the inner circle, to obtain 12 equally spaced
points on the circleThen explorations are carried out on how the staonstructed. For instance,



the 12-point star can be obtained by connectingrye¥dth point on the circle. Further
investigations will allow students to make genestions on the relationship between the number
of points on the star, and thkth-point being connected to form the star. Thigestigative
approach provides the students with a strongerdation of the basic concepts, at the same time
exposes them to advanced ideas present in highttematics.

The group theoretic basis for the constructiontafssillustrates the high level of mathematics
involved in Islamic art. Incyclic.nb [18] (see Figure 17), we give outputs of thiathematica
package, which we have used in the teaching ofatisdlgebra, particularly to illustrate properties
of the cyclic group of ordarm, Z,. UsingMathematicathe elements af, are presented as numbers
on ann hour clock where theth element is viewed as being equivalent to zewdifon of two
numbers undergs+in Z, will be treated like adding numbers on the clotike students explore the
generators of, - these generators are elemeaitsuch thatkn) = 1. Moreover, students can also
visualize the construction of a starro$ides and points from a generaabof Z, where gedf,k) =1
and 1<k <n— 1. The order in which the elementsffwill be generated is by multiples &f
namelyk, 2k, 3,... If we connect everith point as we go through the elements of the graigtar
of n sides will be formed. The table in Figure 17 fastance shows the order of all element&gf
with the generators 1, 3, 5 and 7. The generatarsd35 give rise to a star of 8 sides and 8 points.
The students can also explore tkaindn —k gives rise to the same star. Note that this conalspt
relates directly to the construction of the staFigure 16 where connecting everl¥} point gives
rise to a 12 sided and 12 point star. Such relakipp between geometry and abstract algebra
allows students to appreciate the connections leztveemd among different areas of mathematics.
The visual representation of the cyclic grafpgiven by the construction of thepoint star is an
interesting motivational tool that can be usecdhm teaching of such abstract concepts. This agtivit
also suggests a profound appreciation of the madtiesninvolved in the construction of Islamic
star patterns.

Figure 17: Order of elements &s and the construction of an 8-pointed star
(Output produced usinngathematicg18])

Another technological tool that can facilitate thesign and rendition of Islamic tilings and
patterns is the online interactive software calleghrats[29]. Using rosettes and stars as motifs,
tilings may be rendered through a technique whisbsuregular and semi-regular tilings of the
plane as basis (see Figure 18).



Figure 18 Islamic pattern from @242 Figure 19 Dunham’s hyperbolic
tiling (Output produced usirigaprats[29] ) islamic pattern [11]

The Pattern in Islamic Artwebsite [32] is a rich library of resources for ttemaching of
symmetry alongside Islamic art and ethnographyndkes available over 4000 images of patterns
and tilings obtained from regions in the Islamiaido

Figure 20slamic pattern from Figure 21 computer generated
a mosque in Turkag][ rendition of the pait¢83]

In Figure 20 we present an image from the websgitech captures a decorative panel above a
doorway pictured from the Selimye Mosque in Edirharkey, dating from the Ottoman Dynasty
(1574). For example, when teaching the conceptyomeetries in a geometry class, the students
are asked to discover the various symmetries prasehe given Islamic pattern by construction,
using dynamic geometry software. The students skedato analyze the various polygons evident
from the pattern, in this case, a regular hexagaegular 6-pointed star polygon, together with an
irregular 8-sided polygon (all with internal anglegnultiple of 30) which can serve as starting
tiles or motifs in replicating the Islamic pattely trying to understand the construction of the
tiling using the dynamic geometry software, thedstut can develop an appreciation of how the



artists haverrived at the tiling at a period such as the O#ordynasty. Moreovem understanding
the intrinsic symmetries of the pattern, a studeay be introduced to concepts of group theory.
This is a useful endeavor for students regardlésshether or not they plan to take up a more
rigorous study of abstract algebra

An interesting feature of the website is thatritk§ up to a tiling database [33] which gives a
collection of tilings and patterns together witleithgeometric and group theoretic properties. The
version of the actual Islamic pattern in Figurel2® a counterpart from the tiling database as an
edge-to-edge tiling of four colors, shown in Fig@® The students can make good use of this
version for their constructions. This approachlse @an efficient way for making students visualize
concepts on group theory in an abstract algebsscla this case the symmetry group of the tiling
is of type 4*2, generated by aOfbtation together with a 180@otation; the latter has center lying
on an axis of reflection. The group also consisiglide reflections.

The Alhambra Palace, the 15th century Moorish &chiral wonder in Granada, Spain also
contains many excellent examples of Islamic cowesttas which can be used in teaching
mathematics. These constructions are very richigtoty and can provide the motivation for the
students’ interest in the subject matter. Are thglthne symmetry groups represented in the tilings
of the Spanish palace in Alhambra? This questianud been completely settled at this point, and
various interesting views have been expressed erstibject [See for instance 2,13]. Questions
such as these can jumpstart discussions in classcapture the interest of students. Studying
symmetries of the tilings and patterns presenhéAlhambra form the basis of a wide range of
instructional materials that can be prepared fdfedint audiences studying symmetry. The
softwareEscher Sketcli20], Kaleidomania[25] and Tess[30], among others, are technological
tools which can aid students in the recognitiorsyghmetries and identification of the symmetry
group of a given planar pattern.

5. Conclusion

Mathematics teachers and educators have alwaysfbaenlating strategies to make the study of
mathematics more interesting and meaningful tor thieidents. In this work we discuss@éhgs and
patterns as rich resources in the teaching, legraind discovery of mathematical concepts.
Through the properties displayed in such resourttesy; provide avenues for the teaching and
learning of geometric and algebraic concepts. Reeslvances in technology have further
enhanced the use of tilings and patterns in stgdgyiathematical ideas. Technological tools have
provided visual representations of the abstracthemattical concepts that allow for learning
existing mathematical concepts and discovery of meathematics. The interactive feature of
technology also provides a constructive learningrenment through exploration and observation.
It brings about greater interest in the study othmmatics, an appreciation of the connections
between mathematics and other fields of study th@dlevelopment of higher-level thinking skills.

In this paper, we have illustrated some teagHearning and research activities using tilingd a
patterns with the aid of available technologicall$o In addition, we focused on Islamic tilings, a
a means to link the study of abstract mathematiocatepts with art, history and culture. We hope
we have sparked interest and opened new direciiotise endeavor of integrating mathematics
with other fields of study. Different histories darcultures throughout the world contain vast
resources for use in the study of mathematics dhdraelated fields. Technological advances
have and will continue to provide means to fad#éitthe link. The challenge is to discover such
links and integrate these discoveries in teach@ayning and research activities.
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