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Abstract
The design of the inverse system is a common issue on the design of a digita signal processing and

communication systems. If the system transfer function is not minimum phase, the inverse system is unstable.
Based on the least square error criterion, employing the calculation of variation technique and spectral
factorization, a stable inverse transfer function is designed. Both FIR and IR filter design examples are
given to illustrate the design procedure.
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I ntroduction

There are many applications of the inverse system in the fields of digita signa processing,
communication systems. The scheme of a signal transmission and receiving structure is shown in Fig. 1. If
h(z) is not minimum phase, the inverse system is unstable. The design of a stable inverse system is
necessary in this situation. Two linear-time-invariant (LTI) systems with impulse responses h[n] and
h[n] are inverse of each other if

h{n]*h[n] =d[n] @

where * is the discrete-time convolution Take the ztransform on both sides of (1), we have

X(2) = h(Dh()x(2) = x(2)

or equivaently,
h(2)h (2) =1.
Therefore, the necessary and sufficient condition of design the inverse sysemis
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Fig 1. Cascade of adiscrete-timesysem h(z) with its inverse discrete-timesystem h (z).

As an example, let h(z)=1+16.3z' +67.4z2% +44z° be the transfer function of the
transmitter. The zeros are -10 5.5 0.8, there are two zeros located outside the unit circle. The
inverse sysemis

1 1
(@)= h(z) T1+1637' +67.427+447°
It can beeasly seenthat h(z) isundable If theinput Signa  x(t) =sin(2p >6t) , the reconstructed
ggnd isshown in Fg. 2.




Fig2 Thedgnd x(t) =sin(2p >6t) and reconstructed signd by the inverse sysem

h(2)= L
1+16.32 1 +67.4z 2 +447%

Problem description

If h(z) isthe system transfer function with poles lie outside the unit circle, the inverse system

transfer function h(z) = FL is unstable. For the inverse system to be stable and reconstructed the
z

input signal , the scheme of the whole system is now modified asin Fig. 3. The research isto design
a stable transfer function h (z), with the criterion of least square error, that is to find h(z) such

that
L
2

where e(n) = X(n)- x(n- L) is the system error, the superscript * is the conjugate transpose

minJ =min é¥ ge(ne (Ng= tr@FlSee(z)—“zl 2)

operator and See(z):g R.()z' isthe ztranformtranformof R, (i) = 5 e(ne(n+i).
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Fig 3. The proposed stable inverse system structure.



Optimal design of stable inver se system

The objective function of the optima designis[3]
J :%tr @gcz'L - h(z)h(z)agcz'L - h(z)h(z)g d—ZZ ©)

|z]=1
Suppose h,(z) isthe optima solution of h(z) and let
h(2)=h,(2) +eh(2) (4)
where e is any real number, h(z) is an arbitrary redlizable stable rational transfer function with
al polesliein |z|<1. Subdtitute (4) into (3) and rearrange the equation intermsof e,
1

J:—_
2 )

tr@'ﬂ[ JO(2)+edP(2) +€23? (2) H% dz] (5)
where
JO@)=c’27(Z) " - c(Z) "h,(2)h(2) - cz "h" (2)h] (2) + h,(2)h(2)h (2N, (2)

IP(2) =-c(Z) "h(h(2) +h (DN (DN, (2) - cz *h* (DN’ (D) +h" (DN, (Dh(D)N' (2)

I®(2) =h (2)h(2N (2h" (2)

Tofindtheminimizationof J , it is necessary that %(Z) l.=o=0, or equivaently,
e
tr @ J(l’(z)gz 0 (6)
QFl Z
Now consider the spectrd factorization of h(z)h' (2)
D(2)D (2) =h(2)h' (2) (7
where the zeros and polesof D(z) isingde the unit circle. Substitute (7) into (6), we obtain
s " L «,_\ 0z
Q) [h(2X2)D (2)- cz ‘h(2h"(9—=0 (8)
z

It is known that the poles of T(z)=h,(2)D(z)D (2)- cz *h'(2) lie outside the unit circle,
cz "h'(2)D (2)™* can be written as

cZ'h (2D (2 =gz "' (D () 'f +&z "W (DD (D'Q (©)

where [], and [-] denote poleslieinside the unit circle and outside the unit circle, respectively.



Hence
T(2D (2) "= h(29Dz)- cz"h ()(D'(2))*
=h(2)X(2)- gz "' (2)(D'(2)) 'Y, - &z "' (9(D (2)'f (10
Substitute (10) into (9), we have
¢ [n@D(2- g='h (DD DY, - 7' (D (DY D (z)'lh*(z)% =0 (11
The poles of the third integrand in (11) lie outsde the unit circle, by Cauchy’s residue theorem [4]
tr@),,h (2D §z "W (AD (2 Y0 ("’ (z)o'—zZ =0 (12
Now al polesof D' (2)h"(2) in (12) arelocated a | z|>1, by the calculation of variation, the
aufficient condition for (12) to be true is the following

h, (22 - gz "' (2)(D () 'g, =0.

The optimd solution is
h(2)=gz " (9D (2) § D '(2) (13)

The design procedure is summarized as
1. Obtain the spectral factor D(z) suchtha D(z)D (2) =h(2)h (2)

2. The optimal stable inverse transfer function h,(2)= gz "h (D (2) § D (2

The characterigtics of the proposed transfer function are
1. h(2) iscausd and sable.

2.1f h(2) isan infinite impulse response (IIR) filter, that is, h(z):%,then
a(z

é b YV B
h(2)=g2 %D(z) 40 (14)

2.1f h(z) isafiniteimpulse reponse (FIR) filter, that is, h(z) =b(z),then a(z)° 1, and hence
h(2)=gz'b (2D (2) 'y, D'(2 (15)



The spectral factorization of h(z) [5]

If h(h'(2)=B,z"+B, ,z""+...Bz"+B, +B,z+--B,z", congtruct the matrix
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with B =0 if i>n.For i large enough, perform the Cholesky factorization sothat T, =D'D . The

coefficients of the spectral factor D(z) =d,+d,z* +d,z?+---+d_ z " is obtaned by the matrix
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An illustrated example for FIR system

If h(z)=1+16.3z" +67.4z% +44z%,itisknowntha h(z) isnot minimum phase. The
recongtructed signa by the direct reciproca transfer function is shown in Fig. 2. By the proposed
approach,

D(z) =0.8+13.4z" +59.57% +557°
hence
_b(@
h,(2) = %
where
b(2) =(0.87° +1.22545467° +0.29636364z +0.01818181) z*



a(2) = (552° + 59.52+13.4) (2 +0.762147155)( z+ 0.3196710268)
=557+ 1197°+ 91.16822° + 28.9927 z+ 3.2647

the roots of a(z) are 0.7621 0.7621 0.3197 0.3197, al are located inside the unit circle,

Therefore h,(z) is stable, the reconstructed signal is shown in Fig. 4(a). It can be seen that the

envelope is amost the same as that of the input signa. With the system delay L =2, the
recongtructed sgnd is shown in Fg. 4(b).
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Fig 4. (8) The recongtructed signal by h,(z) = % , (b)) With L =2, the recongtructed signd
a(z

and theinput sSgnd.
An illustrated examplefor IR system

(- 2z)1-3z") _ 1-5z'+6z°
(1- 5zY(1- .25z'Y) 1-.75z'+.1257%'

If h(z)= the zeros are 2 and 3, hence the poles of

% lie outside the unit circle. By the proposed design, the spectra factor of 1- 5z +6z 2 is
z

6.0000000001- 4.9999999997 * +.99999999987 * and the spectral factor of 1- .75z " +.1257
is 1- 4z '+ 3.752°%. Therefore
_b(
h(2 = %
where
b(z) =1- 0.75z* +.1257°2
a(z) =6.000000001- 4.999999997 * +.9999999987 *

the roots of a(z) are 0.5 and 0.333. It can be conclude at h,(z) is a stable system. The



reconstructed signal is shown in Fig. 5(a). With the systemdelay L =5, the output is shown in Fig.
5(b). The both envelope isdmost the same.
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Fig 5. (8) Thesignd reconstructed by h,(z) = % (b) With sysem dday L =5, the
a(z

reconstructed signd and the input sgndl.

Conclusion

The proposed inverse system is stable, with the system delay introduced, the inverse system

can be causal. By the two examples, it can be seen that the stable inverse system can be obtained by
proposed approach.
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