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ABSTRACT

We consider acyclic two-rooted digraph in which the directed length of all paths
between the two root points 0 and r has the same path length. Using the interface matrix
technique we compute the resistance of such digraph and give a mathematical
formulation of the simple formula which compute the resistance exactly in rational
numbers.
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1. Introduction and Notations

G.R Kirchhoff (1824-87) was the first who conducted important investigation concerning
the distribution of current in electric circuits and known as Kichhoff's Current law. This
fundamental results form the conservation of charge and it applies to a junction or node
in circuit-- a point in the circuit where charge has several possible paths to travel( see for
more details [9] and [7] ). In Figurel, we see that 1, is the only current which flowing
into the node. However there are four paths for current to leave the node namely
Ig,Ic,Ip,1g . When charge has entered into the node, it has no place to go except to

leave.

Figure-1




In other words the total charge flowing into a node must be the same as the total charge
flowing out of the node. Thus
Ig +Ic+1p +1g =14
or we can write
Ig +Ic+Ip+Ig =14, =0
Then, the sum of all the currents is zero and we can generalize it as below

S 1=0
The circuit shown in Figure-1 is simple

We give here some definitions which we need to use in the rest of this paper. A
digraph D consists of set of elements, called vertices and a list of ordered pairs of these
elements, called arcs. The digraph with no loops or multiple arcs is called a simple
digraph. A digraph D is connected if its underlying graph is a connected graph, and
otherwise disconnected. A digraph D is acyclic if there is no cycle. A sequence of
vertices from one vertex to another using the arcs is called directed path. The length of a
directed path is the number of arcs used, or the number of vertices used minus one. A
two-rooted acyclic digraph D is a simple connected digraph having two distinguish
vertices 0 and r called roots, such that the length of all the directed connected paths
between 0 and r must be same or constant. In figure-2, we give an example of two-
rooted acyclic digraph with directed path length 5(constant)
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Figure-2: Example of an acyclic two-rooted digraph with directed path length 5 between roots 0 and r.

Much attention has been paid to complicated circuits and calculation of resistance (see
[11,[21,[3] [4,],[5],[6]) for acyclic two-rooted digraphs. Because it is possible to calculate
many other resistance related functions to be calculated for each directed edge. The
purpose of this paper is to find a simple formula to calculate the resistance of directed
graphs between two root points using the basic concept of Kirchhoff's law. The graphs
here which will be considered are sub-graphs of the directed square lattice, the directed
simple cubic lattice or the directed honeycomb lattice (for more details see [8]). We
notice that for all these lattices the length of all directed paths from o to r is the same.
We shall therefore assume in what follows that all directed paths between the roots of the
graphs considered have the same length. For such a graph each vertex may be given a
level number t which is the distance of the vertex from the first root. Let L(t) be the set
of vertices in level s. For given vertex ke L(t), let N "(k) be the set of vertices adjacent

tok in L(t +1) and N (k) be the set of vertices adjacent to k in L(t —1). d is the number
of vertices in N “(k) adjacent to k in level t+1, and d; is the number of vertices in N (k).
We further need the following notation for use in the rest of this paper.



I, = Total incoming current to the vertex k of L(t).
[, = Total outgoing current from the vertex ¢ of L( t+1)
14
v, = Negative potential of the vertex k of L(t).
v - Negative potential of the vertex j of L( t+1) ( to be calculated).
j

For j, k € L(t) , we define the conductance matrix oy; as

L = D 04V | e (1.1)

jeL(t)
and we denote the corresponding matrix for level t+1 by o'
Now we present the method in the section 2 to calculate the resistance.

2. Method Based on Interface Matrix

Using the Kerchhoff's current law defined above, we get the following equation

L= D Vi-da V= D 04V, s (2.1)

jeNT (k) je LO

Where o is square matrix in which the diagonal elements are the values of conductance
of the bond j of the given stage. On solving for V', we get

z VJ = Z (ij +d+k Skj )VJ ................................................. (2.2)
jeNT (k) jeL®

To get V in terms of V' we must invert the matrix A where

Akj = ij +df<_6k] ............................................................................ (23)
Do +didig) = D Ak (2.4)
jeNT (k) jeNT (k)

Vis Y AR Y Vi 2.5)

meL(t) i eNt (m)

But for / eL(t+1)

Ig = d,(gV,(g - sz ............................................................................. (2.6)
keN"(4)

and on combining this with equation 2.2, we get



I =dyv, - S An) DV (2.7)

keN7(r) meL() jeNT(m)

Here by definition of © ‘gn equation 2.7 gives

Gm=d7 8,- Y S AR 2.8)
keN (/) m:neNt(m)

Since n eN'(m) =m €N, so equation (2.7) may be written

cm=dSyu— YA 2.9)
keN (/) meN (m)

Thus we have obtained a relation which determines in terms of o. This may be used
repeatedly starting with o for stage 1, which is diagonal, and at the final stage t, 6 is a (1
by 1) matrix giving the conductance of the whole graph. The above equation may be
expressed in terms of an interface matrix, which gives the corresponding between level
st+1 and s.

Let us define an interface matrix F as follows:

: +
I (2.10)
0, otherwise
Now equation 2.7 may be written as follows
' - ' _1 '
I,=d,V,— >} D (Am)Y Fnn Vot oo (2.11)
keN"(/) m n

and hence, we get

G’Kn =d "9y, —Z ZFkg(A;n) B oo (2.12)
k m
G =d'" — B'ADF e (2.13)
Where A =) e (2.14)

Thus we have our equation to calculate conductance as follows

o(s+l)=d" - B'[o(s)+ d |'F for s=1,....t—=1 ... (2.15)
where o (s) is the conductivity matrix for level s and o (1) is unit matrix.
3. Example

To illustrate our method we calculate here the resistance of the two-rooted digraph which
is shown in figure 3. In this digraph, there are four levels and the initial level, we put as



L(0)=1, and other are L(1)=3, L(2)=2, L(3)=2, and L(4)=1. Moreover, the directed path
length between the two levels is same. It is readily seen that the path length between L(0)
and L(4) is 4. The graph is directed in such a way that there is no circuit and it is acyclic.
We suppose that the potential on the vertex in level 0 is zero and that each edge has unit
resistance. By definition the first level conductance matrix is unit matrix.

L(0) L(1) L(2) L(3) L(4)
Figure- 3
1 0O o0
c=10 1 0 for the level 1.
0 0 1

Now consider the transition from level 1 to level 2 (i.e s = 1 above ). In level 2 of the
digraph there are two vertices. The first vertex in this level is adjacent to vertices 1 and 2
in level 1. Vertex 2 in this level is adjacent to vertices 2 and 3 in the level 1. Hence this

level d"' isthe 2 by 2 matrix.
12 0
d" =
0 2

1 0 0 1 0 0
c+d'=[0 1 0|/+]|0 2 0
0 0 1 0 0 1

As there are 3 vertices in level 1 and there are 2 vertices in level 2, therefore the matrix F
is the following 3x2 matrix

and

I 0
F=1 1
0 1



Now using, the equation 2.15, the conductance matrix for level 2 may be written as
1

2 0 O] (1 oO

2 0 1 1 0
c'= - 0 3 0 1 1
0 2 0 1 1
0 0 2| |0 1
On simplification we get the following matrix

Which will be used as the input matrix ¢'  for the next stage (s=2) of the calculation to
which we now proceed.

In the level 3 there are again two vertices. Vertex 1 of this level is adjacent to
vertices 1 and 2 in the previous level. Vertex 2 is adjacent to vertices 1 and vertices 2 in

the previous level.
0
q
and the interface matrix F are as follows

=d+=2
0
1 1
B'=F=
1 1

d"

The A" matrix for this stage is

e
+y -1 _
(o+d) = 17
-—— L2
3 6

2 19 2
119 [2 19

using equation 2.15 we get the conductance matrix for level 3

201 201 119 21 1
G = — e
0 2] 119(1 1j|2 19][1 1

(2 12
| 17 17
Tl 2

17 17

In level 4 there is only one vertex. This vertex is adjacent to vertex 1 and vertex 2 in the
previous level. Hence for this level d” is 1 by 1 matrix and may be written as
d =2

3

and the interface matrix is as follows



[T22/17  -12171 [1 0
[c+d7" = +
|-1217 2217 | [0 1

1

(39/17  -12/17]

| -12/17  39/17
1

39/17  -12/17] ' 1
o'=2-[1 1]
1217 3917 | |1

On simplification, we get ¢' = i—g or the resistance between L[0] and L[4] is R = % .

4. Conclusion

We have described a simple method to compute the resistance of a acyclic two-rooted
directed graph. The equation 2.15 is the powerful tool to calculate the conductivity of a
graph. This method can be used to calculate the resistance of the non-nodal and nodal
two-rooted directed sub-graphs of the directed square lattice and directed simple cubic
lattice and it may also be used for the directed honeycomb lattice. Or, this method can be
used for a two-rooted digraph which satisfies the criteria given in this paper. This method
gives the resistance of the digraph under consideration in terms of rational number. It
might be possible that other properties of a digraph can be found, because it is possible to
calculate many other resistance related functions to be calculated for each directed edge.
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