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Abstract

Modulo interval arithmetic is an arithmetic system on sets of integers. Since
modulo interval is useful for representing a set of integers with discreteness
and cyclicity such as loop indices or array subscripts, it is expected to use for
various program analysis applied by compilers. However, naive application of
modulo interval arithmetic possibly produces a bigger set of integers than the
exact set. In this paper we discuss a technique to reduce error on modulo
interval arithmetic especially for polynomials with modulo intervals.

1 Introduction

Interval arithmetic is arithmetic for intervals
of real numbers. Originally interval arith-
metic was developed to estimate rounding
errors[3]. Interval arithmetic was employed
for program analysis later[1].
In typical programs integers are used for

loop indices or array subscripts and real num-
bers are almost used only for physical data to
be computed. Thus we have proposed mod-
ulo interval arithmetic as useful arithmetic for
handling data with these properties[5]. The
modulo interval are denoted by [a, b]m(r): a is
a lower bound value, b is a upper bound value,
m is a modulus, r is a residue. A modulo in-
terval [a, b]m(r) represents the set of the inte-
gers {x ∈ Z|a ≤ x ≤ b, x = nm + r,m ∈ Z}.
We define modulo interval arithmetic likewise
originally interval arithmetic. We introduce
one application of the modulo interval on pro-
gram analysis.
Consider the following loop.

Loop: DO 30 I=4, 1000, 4
S: A(3I) = ...
T: ... = A(2I-1)

30 CONTINUE

Suppose that we want to analyze whether it-
erations of this loop can run in parallel or not.
If there exist i and i′ included in [4, 1000]4(0)
such that 3i = 2i′ − 1, there exists a depen-
dence since the same element of the array A
is referenced by the statement S at I = i and
by the statement T at I = i′. To check if
there exist such i and i′, it is enough to check
whether the set of integers taken by 3i−2i′+1
includes zero or not. The set of integers taken
by 3i− (2i′+1) where i and i′ are included in
[4, 1000]4(0) is calculated as follows.

3 ∗ [4, 1000]4(0) 
1 2 ∗ [4, 1000]4(0) ⊕1 1

= [12, 3000]12(0) 
1 [8, 2000]8(0) ⊕1 1

= [−1987, 2993]4(1)

where the symbol ⊕1,
1 and ⊗1 are addition,
subtraction and multiplication operations on
modulo intervals respectively.
Obviously, [−1987, 2993]4(1) does not in-

clude zero. This implies iterations in this loop
can run in parallel.
Although the modulo interval has only the

modulus and the residue for additional infor-
mation to the interval numbers, it can repre-
sent values taken by indices of loops or sub-
scripts of array variables more precisely than



interval numbers, as can be seen in before
example. However, most properties of mod-
ulo interval arithmetic which are defined at
present can produces a bigger set of inte-
gers than the exact set, since most arithmetic
properties on modulo intervals are provided as
inclusion relations. If we do not take notice of
arithmetic algorithms, errors of operation can
increase. Therefore, in case of program anal-
ysis which needs polynomial calculations on
modulo interval, errors can degrade accuracy
of program analyses.
In this paper, we propose arithmetic on

modulo interval and methods of error reduc-
tion on modulo interval arithmetic especially
for a polynomial calculation.

2 Modulo Interval Arithmetic

In this section, the definition and mathemat-
ical properties of the modulo interval are pre-
sented. See Reference[5] for proofs of mathe-
matical properties.

2.1 The Modulo Interval

A modulo interval is defined for an arbitrary
pair of real numbers a and b with a ≤ b, a
non-zero integerm referred to as modulus, and
an integer r referred to as residue, and de-
noted by [a, b]m(r). A modulo interval [a, b]m(r)

means the set of integers {x ∈ Z|a ≤ x ≤
b, x = mn+ r, n ∈ Z}.
The modulo interval [a, b]m(r) is normalized

if and only if both a and b are in [a, b]m(r) and
0 ≤ r < m.

2.2 Exact Arithmetic

Addition, subtraction and multiplication on
modulo intervals are defined as follows.

Definition 1

A +B ≡ {a+ b | a ∈ A, b ∈ B},
A− B ≡ {a− b | a ∈ A, b ∈ B},
A× B ≡ {a× b | a ∈ A, b ∈ B},
A+ z ≡ {a+ z | a ∈ A},
z +B ≡ {z + b | b ∈ B},

A− z ≡ {a− z | a ∈ A},
z − B ≡ {z − b | b ∈ B},
A× z ≡ {a× z | a ∈ A},
z × B ≡ {z × b | b ∈ B},

where A and B are arbitrary modulo intervals,
and z is an arbitrary integer.

2.3 Simplified Arithmetic

It is not practical to perform arithmetic oper-
ations as Definition 1 for computers in terms
of computation time and memory consump-
tion. Therefore we define a simplified arith-
metic. Simplified addition (⊕1), subtraction
(
1), and multiplication (⊗1) of modulo in-
tervals [a, b]m(r) and [c, d]n(s) are defined as
follows.

Definition 2

[a, b]m(r) ⊕1 [c, d]n(s)

≡ [a+ c, b+ d]gcd(m,n)(r+s)
,

[a, b]m(r) 
1 [c, d]n(s)

≡ [a− d, b− c]gcd(m,n)(r−s)
,

[a, b]m(r) ⊗1 [c, d]n(s)

≡ [min{ac, ad, bc, bd},
max{ac, ad, bc, bd}]gcd(m,n)(rs)

where the greatest common divisor(GCD) of
integers m and n, denoted by gcd(m,n), is
defined as the greatest positive integer which
divides both m and n.
The following relations hold where A and B

are modulo intervals.

A⊕1 B ⊇ A+B,

A
1 B ⊇ A−B,
A⊗1 B ⊇ A×B.

When moduli of the each operand are same,
the results of addition and subtraction be-
come the same results of exact arithmetic.

A⊕1 B = A+B,

A
1 B = A−B.
Similarly, simplified addition, subtraction and
multiplication of a modulo interval A and an
integer z are defined as follows.



Definition 3

[a, b]m(r) ⊕1 z ≡ [a+ z, b+ z]m(r+z) ,

z ⊕1 [a, b]m(r) ≡ [z + a, z + b]m(z+r) ,

[a, b]m(r) 
1 z ≡ [a− z, b− z]m(r−z) ,

z 
1 [a, b]m(r) ≡ [z − b, z − a]m(z−r) ,

[a, b]m(r) ⊗1 z ≡ [a× z, b× z]mz(rz) ,

z ⊗1 [a, b]m(r) ≡ [z × a, z × b]mz(zr) .

Similarly, the following relations hold where
A is a modulo interval and z is integer.

A⊕1 z = A+ z,

z ⊕1 A = z + A,

A
1 z = A− z,
z 
1 A = z −A,
A⊗1 z = A× z,
z ⊗1 A = z ×A.

Division of a modulo interval by an integer are
defined as follows.

Definition 4

[a, b]m(r) �1 z

≡ [min{a div z, b div z},
max{a div z, b div z}]

m div z(r div z)

where z is an arbitrary non zero integer and
m is divisible by z.
The following relation holds for modulo in-

tervals and a positive integer z.

[a, b]m(r) =
z−1⋃
k=0

[a, b]mz(km+r) .

Using this relation, when m is not divisible
by z, above property enables division by mul-
tiplying the modulus of a modulo interval by
z as follows.

[2, 30]7(2) �1 3

= ([2, 23]21(2)∪[9, 30]21(9)∪[16, 16]21(16))�1 3

= [0, 7]7(0) ∪ [3, 10]7(3) ∪ [5, 5]7(5) .

2.4 Error on Modulo Interval Arith-
metic

The results of simplified arithmetic of modulo
intervals can be estimated as bigger sets than
the results of exact arithmetic of the modulo
intervals.
Consider addition of modulo intervals

[2, 10]4(2) and [8, 14]3(2) for an example. The
results of exact addition and simplified addi-
tion are given as follows.

[2, 10]4(2) + [8, 14]3(2)
= {10, 13, 14, 16, 17, 18, 20, 21, 24},

[2, 10]4(2) ⊕1 [8, 14]3(2) = [10, 24]1(0)

= {10, 11, 12, 13, 14, · · · , 24}.
The result of simplified addition is estimated
too bigger than the result of exact addition.
As this example, the result of simplified arith-
metic of modulo intervals whose moduli are
different is estimated bigger than the result of
exact arithmetic of the modulo intervals. This
is because the modulus of the result of sim-
plified arithmetic is given as the GCD of the
moduli of operand modulo intervals. More-
over, the result of simplified multiplication of
modulo intervals is estimated bigger, even if
the moduli of operand modulo intervals are
same.

3 Arithmetical Error Reduction

In this section, we propose the redefined arith-
metic for reducing error on modulo interval
arithmetic.

3.1 Error Reduction for Addition and
Subtraction

We propose improved addition and subtrac-
tion algorithms that reduce error by using the
lowest common multiple (LCM) of both mod-
uli of modulo intervals. First, expand one
modulo interval by the LCM of both mod-
uli of modulo interval. Second, calculate the
expanded modulo interval and another mod-
ulo interval. However, error remains when the
LCM of both moduli is bigger than interval
width of the no-expanded modulo interval.



Definition 5
Improved simplified addition (⊕2) and sub-

traction (
2) of modulo intervals [a, b]m(r) and

[c, d]n(s) are defined as follows.

[a, b]m(r) ⊕2 [c, d]n(s)

≡ ([a1, b1]l(u1)
⊕1 [c, d]n(s))

∪ ([a2, b2]l(u2)
⊕1 [c, d]n(s))

· · · ∪ ([ak, bk]l(uk) ⊕1 [c, d]n(s)),

u1 = a mod l,
a1 = a,
b1 = �(b− u1)/l� × l + u1,


uk = uk−1 +m,
ak = ak−1 +m,
bk = bk−1 +m (k = 2, · · · , l/m),

where l = lcm(m,n).
Addition and subtraction of modulo inter-

vals by Definition 5 can reduce error than
addition and subtraction by Definition 2 as
proved in the following theorem.

Theorem 1
The following relation holds for modulo in-

tervals A = [a, b]m(r) and B = [c, d]n(s).

A⊕1 B ⊇ A⊕2 B ⊇ A+B,

A
1 B ⊇ A
2 B ⊇ A− B.
If l ≤ d− c , then

A⊕2 B = A+B,

A
2 B = A− B.
(Proof.)
First, A ⊕1 B ⊇ A ⊕2 B ⊇ A + B is

proved as follows where A = [a, b]m(r), B =
[c, d]n(s), k = l/m.

[a, b]m(r) = [a1, b1]l(r) ∪ [a2, b2]l(r+m) ∪
· · · ∪ [ak, bk]l(l−m+r) .

A+B is rewrote as follows.

[a, b]m(r) + [c, d]n(s) = ([a1, b1]l(r) + [c, d]n(s))

∪ ([a2, b2]l(r+m) + [c, d]n(s))

∪ · · · ∪ ([ak, bk]l(l−m+r) + [c, d]n(s)).

Likewise A⊕2 B is rewrote as follows.

[a, b]m(r) ⊕2 [c, d]n(s) = ([a1, b1]l(r) ⊕1 [c, d]n(s))

∪ ([a2, b2]l(r+m) ⊕1 [c, d]n(s))

∪ · · · ∪ ([ak, bk]l(l−m+r) ⊕1 [c, d]n(s)),

[ai, bi]l(r) ⊕1 [c, d]n(s) ⊇ [ai, bi]l(r) + [c, d]n(s) .

Hence, A⊕2 B ⊇ A+B is held.
On the other side, A⊕1B ⊇ A⊕2B is held

from the following relation.

[ai, bi]m(r) ⊕1 [c, d]n(s)

⊇ [ai, bi]l((i−1)·m+r) ⊕1 [c, d]n(s) .

Therefore, A ⊕1 B ⊇ A ⊕2 B ⊇ A + B is
satisfied. Likewise for subtraction. ✷

Second, If l ≤ d− c, then A⊕2 B = A+B
is satisfied from the relation of Lemma 1:
[ai, bi]l(r) ⊕1 [c, d]n(s) ⊆ [ai, bi]l(r) + [c, d]n(s)

and the property of Definition 2: [ai, bi]l(r) ⊕1

[c, d]n(s) ⊇ [ai, bi]l(r) + [c, d]n(s).

Likewise for subtraction. ✷

Lemma 1
If l ≤ d−c, then the following relation holds

for modulo intervals A = [a, b]m(r) and B =

[c, d]n(s).

[ai, bi]l(r) ⊕1 [c, d]n(s) ⊆ [ai, bi]l(r) + [c, d]n(s).

(Proof.)
Let λ = l

m
.

[a, b]λm(r) ⊕1 [c, d]n(s) ⊆ [a+ c, b+ d]n(r+s).

When z denote an arbitrary element on the
right side of the above expression, {z = a +
c + nγ|z ∈ [a+ c, b+ d]n(r+s)},where 0 ≤ γ ≤
b+d−a−c

n
. Each values of α, β are defined by a

value of γ as follows.
(Case 1) When 0 ≤ γ < b−a

n
,


 α =

[
γ
λ

]
β = γ − αλ = γ −

[
γ
λ

]
λ



where α, β are in the following range respec-
tively.

{
0 ≤ α < b−a

λn

0 ≤ β ≤ λ ≤ d−c
n
.

(Case 2) When b−a
n

≤ γ ≤ b+d−a−c
n

,

{
α = b−a

λn

β = γ − αλ = γ − b−a
n

where α, β are as follows respectively.

{
α = b−a

λn

0 ≤ β ≤ d−c
n
.

Let x, y denote as follows.

{
x = αλn+ a
y = βn+ c.

Then, x, y are included in a multiplicand and
a multiplier as follows respectively.

x ∈ [a, b]l(r) ,

y ∈ [c, d]n(r) .

Therefore, Lemma 1 is satisfied. ✷
The following example computes [2, 402]8(2)

⊕1 [22, 604]6(4) and [2, 402]8(2) ⊕2 [22, 604]6(4).

Since the LCM of the moduli of [2, 402]8(2) and

[22, 604]6(4), namely 2, is less than the interval

width of [22, 604]6(4), [2, 402]8(2)⊕2 [22, 604]6(4)
is equal to [2, 402]8(2)+[22, 604]6(4). Therefore,
addition by Definition 3 produces no error for
this example.

[2, 402]8(2) ⊕1 [22, 604]6(4) = [24, 1006]2(0),

[2, 402]8(2) ⊕2 [22, 604]6(4)
= ([2, 386]24(2) ⊕1 [22, 604]6(4))

∪ ([10, 394]24(10) ⊕1 [22, 604]6(4))

∪ ([18, 402]24(18))⊕1 [22, 604]6(4))

= [24, 990]6(0) ∪ [32, 998]6(2)
∪ [40, 1006]6(4) .

3.2 Error Reduction for Multiplica-
tion

Another simplified multiplication of modulo
intervals is defined as follows.

Definition 6

[a, b]m(r) ⊗2 [c, d]n(s)

≡ [min{ac, ad, bc, bd},
max{ac, ad, bc, bd}]gcd(mn,ms,nr)(rs)

.

Multiplication of modulo intervals defined by
Definition 6 can reduce error than multiplica-
tion defined by Definition 2 as proved in the
following theorem.

Theorem 2
The following relation holds for modulo in-

tervals A = [a, b]m(r) and B = [c, d]n(s).

A⊗1 B ⊇ A⊗2 B ⊇ A× B.
(Proof.)
A ⊗1 B and A ⊗2 B are defined as follows

by Definition 2 and Definition 6, respectively.

A⊗1 B

= [min{ac, ad, bc, bd},
max{ac, ad, bc, bd}]gcd(m,n)(rs)

,

A⊗2 B

= [min{ac, ad, bc, bd},
max{ac, ad, bc, bd}]gcd(mn,ms,nr)(rs)

.

Since gcd(mn,ms, nr) is divisible by
gcd(m,n), gcd(mn,ms, nr) ≥ gcd(m,n),
and both A ⊗1 B and A ⊗2 B have the
identical residue rs. Hence, A⊗1B ⊇ A⊗2B
is proved.
Let x denote an integer in A and y denote

an integer in B. x and y can be expressed as
x = mu+r and y = nv+s with appropriate in-
tegers u and v, respectively. The product of x
and y is represented with g = gcd(mn,ms, nr)
as follows.

x× y = (mu+ r)(nv + s)

= mnuv +msu+ nrv + rs

= (mnuv/g +msu/g + nrv/g)g + rs.



Sincemn,ms, nr are divisible by g,mnuv/g+
msu/g + nrv/g is an integer. On the other
hand, since a ≤ x ≤ b and c ≤ y ≤ d, the
following relation holds.

min{ac, ad, bc, bd} ≤ x×y ≤ max{ac, ad, bc, bd}
These prove A⊗2 B ⊇ A× B.
Note that the proof of Theorem 2 proves

A⊗1 B ⊃ A ⊗2 B in case gcd(mn,ms, nr) >
gcd(m,n) with a little modification. In this
case multiplication defined by Definition 6
certainly reduces error than multiplication de-
fined by Definition 2. Moreover, multiplica-
tion defined by Definition 6 reduces error dras-
tically in case r = s = 0 and mn is greater,
since gcd(mn, 0, 0) = mn � gcd(m,n). An
example is shown below.

[0, 32]8(0) ⊗1 [16, 48]16(0) = [0, 1536]8(0) ,

[0, 32]8(0) ⊗2 [16, 48]16(0) = [0, 1536]128(0) .

4 Algebraic Error Reduction

On program analysis, if an index value is poly-
nomial, it is difficult to analyze data depen-
dence in general.
When data in an array lays out a trian-

gular matrix, a layout of array is often con-
verted from a two-dimensional array to an
one-dimensional array in program transforma-
tion for saving memory area. Through this
process, induction variable substitution is per-
formed. Induction variable substitution erases
scalar variables which increase or decrease by
a constant value through the iterations of
loop. After induction variable substitution,
indices of array reference are converted to a
quadratic polynomial.
The following programs are examples which

are an original program and a program con-
verted by induction variable substitution.

Original

k=1
DO 50 j = 2, 20,3

DO 60 i = 1, j
A(3 * k) = ...
.... = A(2 * k - 1)

k = k + 3
60 CONTINUE
50 CONTINUE

After induction variable substitution

DO 50 j=2,20,3
DO 60 i=1, j
A((18*i-9*j+3*j*j-6)/2) = ...
... = A(6*i-3*j+j*j-3) ...

60 CONTINUE
50 CONTINUE

Although there are a lot of effective algo-
rithms for calculating polynomials on com-
puter, their algorithms do not work effectively
on modulo interval operations, since if we do
not take notice of operation order, errors of
operation can increase. We propose a method
of formula transformation for error reduction.

4.1 Polynomials with modulo interval

In this section, we propose the way of error re-
duction which transform a polynomial expres-
sion before performing modulo interval oper-
ations. Techniques of transforming a formula
can be broken down into two parts: modulus
part and interval part.
First, for modulus part, a property of Def-

inition 6 is used to get a modulus approxi-
mated to exact sets, that is, a new modulus
become a product of both moduli by shift-
ing residues of modulo interval to zero. Sec-
ond, calculation of interval part can be used
methods of estimating amount of rounding er-
rors on the original interval arithmetic. When
the polynomial expression p(x) = anx

n +
an−1x

n−1 + · · · + a1x + a0 is calculated, we
can compute just only n times multiplication
and n times addition using Horner method.
We can also get interval values approximated
to exact sets by Horner method on modulo in-
terval. In this section, we will show formula
transformation ways on a quadratic polyno-
mial with one variable: ax2 + bx+ c.

4.1.1 Modulus part

We propose two methods which transform
modulo intervals such as a residue of mod-
ulo interval is shifted to zero before perform-
ing modulo interval operations. There are the
following two methods to shift residue r to



zero on [L,U ]m(r), we call them rshift(0) and
rshift(−) respectively.

rshift(+) [L−m+ r, U −m+ r]m(r+m−r),

rshift(−) [L− r, U − r]m(r−r).

Suppose to calculate modulus and residue on
a quadratic polynomial ax2 + bx+ c. A mod-
ulus of calculation result without transforma-
tion and each modulus calculated after trans-
forming a formula by rshift(+), rshift(−) and
Horner method are as follows.
rshift(+)
On ax2 + bx+ c, let modulo interval trans-

formed by rshift(+) denote x′. x′’s residue is
zero. Where x = x′ − (m − r), ax2 + bx + c
can be transformed as follows.

a(x′ −m+ r)2 + b(x′ −m+ r) + c

= ax′2 + (2ar − 2am+ b)x′

+ (am− b− 2ar)m+ (ar + b)r + c.

A modulus of calculation result of this expres-
sion is m · gcd(am, 2ar − 2am+ b).
rshift(−)
On ax2 + bx+ c, let modulo interval trans-

formed by rshift(−) denote x′. x′’s residue is
zero. Where x = x′ + r, ax2 + bx + c can be
transformed as follows.

a(x′ + r)2 + b(x′ + r) + c
= ax′2 + (2ar + b)x′ + (ar + b)r + c.

A modulus of calculation result of this expres-
sion is m · gcd(am, 2ar + b).
Horner method
ax2 + bx+ c can be transformed to x(ax +

b) + c by Horner method. A modulus of
calculation result of this expression is m ·
gcd(am, ar, ar + b).
no transformation
When ax2 + bx + c is calculated without

transformation, a modulus of calculation re-
sult is m · gcd(am, ar, b).
We prove that methods of transformation

by rshift(+) and rshift(−) are the best way as
follows.
Theorem 3
On ax2 + bx+ c, if x = [L,U ]m(r), then the

following relation is satisfied.

m · gcd(am,
2ar − 2am+ b)

m · gcd(am, 2ar + b)
⊆
m · gcd(am,

ar, ar + b)
m · gcd(am, ar, b).

Proof.
Let am, ar, b denote the following expres-

sions, where g = gcd(am, ar, b).



am = g · k1

ar = g · k2

b = g · k3.

Then, the following relation is held.

gcd(am, 2ar + b)− gcd(am, ar, b)
= gcd(g · k1, g · (2k2 + k3))− g ≥ 0.

Likewise for the following formulas.
gcd(am, 2ar + b)− gcd(am, 2ar, b) ≥ 0,
gcd(am, 2ar − 2am+ b)− gcd(am, ar, b) ≥ 0,
gcd(am, 2ar− 2am+ b)− gcd(am, 2ar, b) ≥ 0.
Hence, Theorem 3 is satisfied. ✷

4.1.2 Interval part

We propose a way of calculating modulo in-
terval after transforming a formula by Horner
method for getting sharper interval width. We
show here that a way of transformation by
Horner method is the best way by the follow-
ing simulation.
Simulation
On a quadratic polynomial ax2 + bx+ c, let

x = [L,U ]m(r) denote modulo interval. First,
generate original values of a, b, c, d, L, U such
as all values are positive integer. Second,
generate different expressions by combining
each value. Third, we calculate all expres-
sions by 4 ways, operation without transfor-
mation, operation after transformation with
Horner method, operation after transforma-
tion with rshift(+) and operation after trans-
formation with rshift(−). Finally, we count
the number of getting the sharpest interval
among results of 4 ways.

1. Generate 5 random number with one fig-
ure, two figures, three figures and four
figures each for coefficients a, b, c.

2. Generate 5 random number which are in-
cluded in 0 ≤ L ≤ 20 for L.

3. Generate 5 random number with two fig-
ures, three figures and four figures each
for U .



4. Generate 300 different expressions by
combining each values which are gener-
ated by the above 1-3.

5. Generate expressions which have each co-
efficient as follows. a, b, c ≥ 0, a, b ≥
0 & c < 0, a, c ≥ 0 & b < 0, b, c ≥
0 & a < 0, a ≥ 0 & b, c < 0, b ≥
0 & a, c < 0, c ≥ 0 & a, b < 0, a, b, c <
0. Each negative integer is generated by
multiplying each value by −1.

6. Generate expressions which have L and
U such as L ≥ 0 & U ≥ 0, L < 0&U ≥
0, L < 0 & U < 0. Each negative value
is generated by normalizing after multi-
plying each value by −1.

7. Calculate all expressions by 4 ways: op-
eration without transformation, opera-
tion after transformation with Horner
method, operation after transformation
with rshift(+) and operation after trans-
formation with rshift(−).

8. Count the number of getting the sharpest
interval among results of 4 ways. When
the sharpest interval exist two or more as
well, count the number.

Table.1 shows us that a method of transform-
ing by Horner method is the best way.

4.2 Error Reduction for Polynomials

Let us summarize how to reduce error of mod-
ulo interval operation for a polynomial expres-
sion.

1. Get upper bound and lower bound of
modulo interval more exactly.

(a) Before operation, normalize upper
bound value and lower bound value
of modulo interval.

(b) Before operation, transform a
polynomial expression by Horner
method.

2. Find a modulus approximated to exact
sets.

(a) Before operation, transform a poly-
nomial expression by rshift.

That is, the most exactly modulo interval is
a modulo interval combined the sharpest in-
terval gotten by above 1 with a modulus found
by above 2. We show an example of applica-
tion by above method.
See the calculation results of 5x2 + 10x +

10, where x = [−47, 37]6(1). We show two
results of calculation with a method of error
reduction for polynomials and without that.
Calculation without a method of error
reduction

5 ∗ x ∗ x+ 10 ∗ x+ 10

= 5⊗1 [−47, 37]6(1) ⊗2 [−47, 37]6(1)

⊕210⊗1 [−47, 37]6(1) ⊕1 10

= [−9155, 11425]30(25).

Calculation using Horner method
Calculating 5x(x + 2) + 10 which is trans-
formed by Horner method.

5 ∗ x ∗ (x+ 2) + 10

= 5⊗1 [−47, 37]6(1)

⊗2([−47, 37]6(1) ⊕1 2)⊕1 10

= [−9155, 10585]30(25).

Calculation using rshift(+)
Calculating 5x′2 − 40x′ + 85 which is trans-
formed, where x′ = [−42, 42]6(0) (x = x′ − 5).

5 ∗ x′ ∗ x′ − 40 ∗ x′ + 85

= 5⊗1 [−42, 42]6(0) ⊗2 [−42, 42]6(0)


240⊗1 [−42, 42]6(0) ⊕1 85

= [−10415, 10585]60(25).

[−9155, 10585]60(25) is obtained by combin-
ing an interval which is calculated with
transformation by Horner method and an
modulus and a residue which is calculated
with transformation by rshift(+), that is,
[−9155, 10585]60(25) is result with the least er-
ror.

5 Related Works

Linear Memory Access Descriptor(LMAD)
proposed by Peak et al. is a descriptor to



Table 1: The numbers of getting the shortest interval width
case original Horner rshift(−) rshift(+)
L ≥ 0 & U ≥ 0 & b ≥ 0 271 300 297 13
L ≥ 0 & U ≥ 0 & b < 0 29 296 279 2
L < 0 & U ≥ 0 & b ≥ 0 59 275 28 26
L < 0 & U ≥ 0 & b < 0 220 276 59 2
L < 0 & U < 0 & b ≥ 0 29 300 1 8
L < 0 & U < 0 & b < 0 271 300 22 298

represent access regions. LMAD can oper-
ate multi-dimensional array. Modulo inter-
val can describe it likewise LMAD by rep-
resenting a part of modulo with modulo in-
terval recursively, so both are equivalence on
descriptive ability or mutual transformability.
LMAD has only set operators: a set union op-
eration, a set subtraction operation and a set
intersection operation, while modulo interval
has arithmetic operators. It has mathemati-
cal properties based on the elementary theory
of numbers which can be implemented eas-
ily. Arithmetic operators are efficient about
scalar analysis or symbolic analysis, while set
operators are efficient about array reference
analysis or dependence analysis. Modulo in-
terval can be handled as either arithmetic op-
erator or set operator depending on the cir-
cumstances, while LMAD cannot handle like-
wise.

6 Conclusion

The modulo interval has mathematical prop-
erties based on the elementary theory of num-
bers besides similar to properties of the orig-
inally interval. Both arithmetic and set oper-
ations can be applied to the modulo interval
depending on the context. Although the mod-
ulo interval requires only the modulus and the
residue for additional information to the in-
terval numbers, it can represent values taken
by indices of loops or subscripts of array vari-
ables more precisely than the original inter-
val numbers. These features of the modulo
interval are advantageous to employ the mod-
ulo interval for program analysis. However,
Most properties of the modulo interval arith-
metic are provided as inclusion, that is, an

arithmetic operation of modulo intervals of
different moduli provides a subset of a modulo
interval whose modulus is the GCD of both
moduli of operand modulo interval as result.
This degrades accuracy of program analysis.
In this paper, the modulo interval, its math-

ematical properties and some examples apply-
ing the modulo interval to program analysis
have been described. Moreover we proposed
the redefined arithmetic of modulo interval
and discussed how to reduce errors on poly-
nomial operations on modulo intervals.
It is a prior future work to establish an algo-

rithm which applies arithmetic and set oper-
ations to the modulo intervals without losing
accuracy of the calculation results. From the
view point of arithmetic of modulo intervals,
actually current arithmetic are defined only in
terms of application to the data dependence
analysis, so various arithmetic of modulo in-
tervals should be examined for another appli-
cation on hardware or software.
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