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Abstract. This note concerns generating perfect square triangular numbers using a 
short program of  MATHEMATICA which makes use of our main theorem. All the 

triangular numbers are given by t
n n

n =
+( )1

2
 for all positive integer n. We have 

computed the first forty-nine integers that are simultaneously triangular and square. 
 
 
 
Triangular numbers are the set of  numbers which represent the number of objects which 
can be used to build a triangle. The numbers 1,3,6,10, 15, are the set of triangular 

numbers. All the triangular numbers can be written as t
n n

n =
+( )1

2
 for all positive 

integer n , see [1] for more discussion. Square numbers are the set of numbers which 
represent the number objects  which can be used to build a square.  These are more 
familiar to us since they represent  the squares  of the integers. The numbers 
1,4,9,16,25, ..are the set of square numbers. In this note we would like to find all the 
triangular numbers that are square numbers. That is , find m such that t mn = 2  for some 

positive integer m. That is to solve the equation 
n n

m
( )+

=
1

2
2 . The solution of the 

equation is given by the quadratic formula, n
m

=
− + +1 1 8

2

2

 when 1 8 2+ m  is a perfect 

square. That is, 1 8 2 2+ =m k  , for some positive integer k. Now we need to solve 
k m2 28 1− =  for pair of  positive integers (k,m).  We observe that (3,1) is the least 
positive solution that is, two smallest positive integers satisfy the equation. We shall now 
state the main theorem. 
 
Theorem.  Since (3, 1) is the least positive solution of k m2 28 1− = ,  then  all other 
positive solutions ( , )k ms s  can be obtained from the equation 
 



                k ms s
s+ = +8 3 8 11( ) ..........( . )  

 
by setting, in turn, s  = 1,2,3, . 
 

The values ks  and ms  are obtained from the term ( )3 8+ s  in (1.1) by the binomial 
theorem and equating  the rational parts and  purely irrational parts of the resulting 
equation. For example the solution ( , )k m2 2  can be found by taking s= 2 in (1.1). This 

gives k m2 2
28 3 8 17 6 8+ = + = +( )  so  k2 17=  and m2 6= . Using these values, a 

direct calculation shows that k m2
2

2
28 1− = . 

 

It is easy to show that if k ms s,  are calculated by the equation (1.1) then k ms s
2 28 1− = .  

We have, from (1.1),  k ms s
s+ = +8 3 8( ) . Since the conjugate of a product is product 

of the conjugates , [2], this gives k ms s
s− = −8 3 8( ) . Now the factor 

 
 

k m k m k ms s s s s s
2 28 8 8− = + −( )( )  

                 =  ( ) ( )3 8 3 8+ −s s  
                 =   1. 
 
Thus  ks  and ms  are solutions of the equation k m2 28 1− = . Based on this theorem, we 
produce first 49 perfect square triangular numbers (due to one page restriction) using 
MATHEMATICA code. 
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The following is the MATHEMATICA  code to generate the numbers: 
 
a:=  (3 +Sqrt[8])^m; 
k:= Simplify[Ceiling[a/2]]; 
n:= (k-1)/2; 
t:= n(n+1)/2; 
Table[{n,t},{m,49}] 
 
 
Following List is the first 49 perfect square triangular numbers. List is given as a 
pair ( , )n tn where tn  is the nth triangular number. 
 
{{1,1},{8,36},{49,1225},{288,41616},{1681,1413721},{9800,48024900},{57121,16314
32881},{332928,55420693056},{1940449,1882672131025},{11309768,6395543176179



6},{65918161,2172602007770041},{384199200,73804512832419600},{2239277041,25
07180834294496361},{13051463048,85170343853180456676},{76069501249,2893284
510173841030625},{443365544448,98286503002057414584576},{2584123765441,333
8847817559778254844961},{15061377048200,113422539294030403250144100},{877
84138523761,3853027488179473932250054441},{511643454094368,13088951205880
8083293251706896},{2982076586042449,4446390382511295358038307980025},{173
80816062160328,151046383493325234090009219613956},{101302819786919521,513
1130648390546663702275158894481},{590436102659356800,17430739566178526133
1787346182798400},{3441313796169221281,5921320321852308338617067495056251
121},{20057446674355970888,201150583547316698251648507485729739716},{1169
03366249966604049,6833198520286915432217432187019754899225},{681362750825
443653408,232127599106207807997141045851185936833936},{397127313870269531
6401,7885505171090778556470578126753302097454601},{2314627608139072824500
0,267875048217980263112002515263761085376622500},{13490638334964167415360
1,9099866134240238167251614940841123600707710401},{7862920240164593166766
08,309127573515950117423442905473334441338685531136},{4582845760749114225
906049,10501237633408063754229807171152529881914600348225},{2671078254047
8226038759688,356732951962358217526390000913712681543757726308516},{15568
1849482120242006652081,1211841912908677133214303022389507864260584809414
1321},{907380314352243226001152800,41166951743698786707533663761151896116
7055077474496400},{5288600036631339114000264721,1398464517372850070922930
2648567749601037266786038736281},{30824219905435791458000435528,475066266
389332036246720953413691967474100015647842537156},{179656719395983409634
002348449,16138268412063560731679283113416959144518363265240607527025},{1
047116096470464666346013655168,54822605974377173284084890490276291894615
0251002532813381696},{6103039859426804588442079582561,1862354776287617535
5857183483580522285024590170820875047450641},{35571123060090362864306463
840200,632652397878046190366303389536834994771889915556907218799940100},{
207323698501115372597396703458641,21491557980090694297098458060768809299
959232538764024564150512761},{1208371067946601872720073756911648,73008031
8925205559910981270676602681203842016402419927962317493776},{70429027091
78495863723045838011249,248012392854768983426762647449437223516306693251
43513526154644275625},{41049045187124373309618201271155848,84251205538728
9338091082020057409957274238915038477039961295587877476},{23925136841356
7743993986161788923841,2862060864388236059675411241720699482497249244198
3075845157895343558561},{1394459165294282090654298769462387200,9722581818
36612970951548740164980414091790504112386101695407146093113600},{8127503
623352124799931806454985399361,33028157573800958651755903053192127084295
904647379144381798685071822303841}} 
 
 


