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Abstract

Let R be alocal Artin principal ideal ring, R[z] the polynomial ring
over R with indeterminate z. Let 7 be an element of R such that ()
is the unique maximal ideal of R. Let I be a zero-dimensional ideal of
RJz]. In this paper we show that I is the annihilating ideal of a linear
recurring sequence over R if and only if I satisfies the following formula

I:
dimR/<ﬂ.> # = deg d,

for some squarefree polynomial d in R/ (w) [z]. The two sides of the
formula can be feasibly computed by some typical algorithms from the
theory of Grobner bases. Our result is a solution of Nechaev’s Open
Problem..

Recently researches in algebraic coding theory over Galois rings,
especially over Zy, have received a great deal of attentions. Linear re-
curring sequences(LRS in short) over Galois rings are important con-
tents to study in this area. For linear recurring sequences over a field,
we have studied them well, but the cases over rings with zero divisors
are much more complicated.

Let

M= {(ai)ieer | for each i € Zy, a; € R}

be the set of all sequence over R. For each j € Z,, the j-translation
of a, written ja, is defined by (ja)i = ayq; for all i+ € Z,. Let
f(z) =, fir* € R[z] be a non-zero polynomial, where ¢ € Z,. We
define the action of f(z) on a by f(z)a = >, fi -+ a. It is easy to
see that M is an R[z]-module with respect to the action of R[z] on
sequences. Let

A= {a € MPf(z) € Rlz), f(z)a =0}, (1)



Obviously, A is an R[z]-submodule of M. We call an element of A a
linear recurring sequence over R.

For any subset M of M and any ideal I of the ring R[z|, we define
the sets

Zery(I) ={ae M|f-a=0,foreachf €I} (2)
and
Annpgp,)(M) = {f € R[z]|for eacha € M, f-a=0}.

Especially, for a sequence o, Annp,j(a) is the ideal consisting of all
annihilators in the ring R[z] and is called the annihilating ideal of
a or the characteristic ideal of a.

Nechaev(1992) suggested the following open problem.

Nechaev's Open Problem: Let I be a monic ideal of R[z]. De-
duce a criterion for the cyclicity of R[x]-module Zer 4(I) without using
the primary decomposition of the ideal I.

In this paper we are devoted to solve Nechaev's Open Problem.
Our main result is to present a formula to determine whether or not a
given zero-dimensional ideal I of R[z] is exactly an annihilating ideal of
an LRS over R. This formula can also be used to characterize whether
or not the module Zer4(I) is a cyclic R[z]-module. Moreover, the
formula is feasible to be computed by some typical algorithms from
the theory of Grébner bases.



